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Abstract

Higher order data are commonly encountered in the domain of chemometrics,

often generated by advanced analytical instruments. Due to the multilinear

nature of the data, higher order data require different regression approaches

compared with traditional two-way data for predictive modelling. The main aim

is usually to extract the rich multilinear information, which is often lost if the

data are simply analysed in unfolded form. A common algorithm for multilinear

predictive modelling is N-way partial least squares (NPLS). However, a limita-

tion of NPLS is that it inherently does not handle outlying observations, which

can be detrimental to the model. This work presents a new robust multilinear

predictive modelling approach based on iterative down-weighting of the outlier

observations in both predictor and response space. A key benefit of the method

is that it only requires a single extra parameter to tune. In this work, the algo-

rithm is described, and the method is demonstrated on three real multilinear

data sets. In all cases, the presented method outperformed the traditional NPLS

modelling regarding the root mean squared error of prediction.
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1 | INTRODUCTION

Higher order (multilinear) data are commonly encountered in the domain of chemometrics. For example, signals gener-
ated by high-end analytical instruments such as 3D front face fluorescence spectroscopy,1 spatially and time-resolved
optical spectroscopy2 and mass spectrometry.3 Sometimes, simple techniques such as optical spectroscopy (originally
2D) may form multilinear data structures (such as 3D), for example, by combining with temporal dimensions. In usual
chemometrics terminology, any data having higher order than two-way data are termed as multilinear/multiway data,
and the associated methods to analyse such data are termed as multilinear/multiway analysis methods.4 Also, data hav-
ing multilinear/multiway structure are denoted as tensor or sometimes multiway arrays.

In recent decades, several developments have been seen in relation to methods for analysing multilinear data.5,6

Some particular methods were tensor decomposition methods such as Tucker7 and its variants,8 parallel factor analysis
(PARAFAC)9 and its faster variant,10 tensor factorisation11 and, especially for predictive modelling, the multilinear par-
tial least squares (PLS) called NPLS.4 One way of analysing multilinear data is to rearrange them into two-way form
and apply traditional two-way modelling approaches such as principal component analysis (PCA) or PLS. However,
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past works have shown that using two-way methods on rearranged data can lead to less transparency and models of
lower predictive power when a multilinear structure provides a good approximation of the data.6 However, the
multiway methods have advantages with respect to predictions and interpretability.12 In several studies, the prediction
quality was maintained/improved, compared with two-way analysis. Still, the multilinear models enabled much simpler
interpretation due to the lower number of free parameters6 and decomposition along the original modes of the data.

NPLS is a direct extension of two-way PLS regression and can handle data of any higher order. NPLS is particularly
useful when the aim is to do predictive modelling just like traditional PLS analysis. Due to the popularity of NPLS and
wide application areas, several extensions of NPLS have also been proposed such as the Shifted Covariates REgression
Analysis for Multi-way data method which allows handling data shifts in particular modes of multilinear data13 and the
N-way canonical PLS14 which provides an efficient and super fast approach to modelling multiple responses by avoiding
tensor deflation (the most time-consuming part). Note that in some cases, there has also been an interest in pre-
decomposing the multilinear data with the use of techniques such as PARAFAC and then using traditional two-way anal-
ysis on the obtained scores.1 However, this approach is similar to doing a principal component regression (PCR), which is
mainly based on variance, while PLS regression modelling the covariance between the data and response is considered a
better alternative for achieving a similar predictive performance model as PCR but with a fewer number of components.

Although several methods are now available to do multilinear PLS regression, there is one unexplored area of
research for multilinear predictive modelling. The unexplored area is multilinear predictive modelling in the presence
of outlying samples. Note that for tensor decomposition and exploration, there were methods proposed earlier such as
robust Tucker15 and PARAFAC16 but none for the multilinear predictive modelling. Outlying samples are frequent in
the area of analytical measurements from improper measurements with sensors or sample handling and due to instru-
mental or human errors during reference analysis.17,18 Note that a common approach in chemometric modelling is to
first do outliers removal and later use the cleaned data for modelling. However, in this work, we refer to handling out-
liers directly during the calibration process by either deselection or down-weighting of the samples. Unlike multilinear
modelling approaches, for two-way modelling, there is a wide range of robust methods available to handle outlying sam-
ples during the calibration process.19,20 Some methods are robust SIMPLS,21 iterative re-weighted PLS,22 partial robust M
(PRM) regression23,24 and RoBoost PLS/PLS2.25,26 The methods handle outliers with varying criteria ranging from an esti-
mation of robust distances from the model centre to repeated weighting of the samples to adjust the covariance estimation
process. However, most of the multilinear predictive methods, such as NPLS and N-way canonical PLS, are simple exten-
sions of the PLS approach to latent space modelling. Hence, a robust multilinear method can be achieved as the extension
of two-way robust PLS methods just as demonstrated previously for robust features selection18 and robust data fusion.17 In
this study, we demonstrate the development of an iterative re-weighted multilinear PLS (irNPLS) modelling method.
However, the extension of any robust PLS method to its multilinear form should be feasible.

Out of several robust techniques for robust two-way modelling, we decided to develop the iterative re-weighing
approach because this approach is not based on the principle of outlier removal but on the concept of down-weighting the
samples based on their degree of outlyingness. Outlier removal may result in a severe loss of information as long as the
outliers still contain some valuable information, and thus, intelligent robust methods adapt the weights according to the
outlyingness or inconsistency of the observations.19 Down-weighting has particular importance when the model needs to
be calibrated on a low number of calibration samples as the samples are not removed from the modelling.19 Furthermore,
outlier removal can be an extreme case of down-weighting where some extreme samples obtain almost zero weights in
the re-weighting; however, this is totally data driven and the user does not interfere in the outlier detection or down-
weighting. Recently, several new chemometric methods have emerged based on the concept of iterative re-weighting such
as RoBoost PLS/PLS2,25,26 iterative weighted covariates selection18 and iterative weighted multiblock modelling.17

The aim of this study was to develop a new robust multilinear predictive method. The method is a combination of a
robust two-way modelling technique called iterative re-weighted PLS (irPLS) and multilinear PLS modelling called
NPLS. The method is the first robust multilinear method to do predictive modelling for higher order data in the pres-
ence of outlying observations. The algorithm and test of the method on real data sets are demonstrated below.

2 | MATERIALS AND METHOD

In the following, the linear algebra underlying the algorithm is presented, followed by a discussion about important steps in
the algorithm. Later, the results of the method by testing it on real data sets are presented. All matrices and tensors are den-
oted with bold uppercase typeface such as X and X, all vectors are denoted with bold lowercase typeface such as y, and
all scalars are denoted with italic typeface such as a. Tensor multiplications follow the definitions explained in Liland
et al,14 but collapsing dimensions are assumed implicitly as either the sample dimension or all feature/variable dimen-
sions, that is, the tensor-matrix product of dimensions ðn�a�bÞ�ða�bÞ collapses to a vector of dimension n�1.
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2.1 | Algorithm

Define y ðn�1Þ as the response vector, X as a tensor with n samples in the first mode, and let A be the desired number
of components to be extracted. Let D be the initial sample weights. Note that D is a diagonal matrix initially having 1=n
as the weight for all samples for each component. Both the predictor and the response are assumed to be median
centred (less influence of outliers than mean centred).17,18 Let α be the tuning parameter defining the aggressiveness in
weighting down outliers. This will be further discussed after the algorithm.
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2.2 | Comments on the algorithm

NPLS is a direct extension of two-way PLS modelling. The key difference in multilinear PLS, compared with two-way
PLS modelling, lies in how the high-dimensional covariance matrix/tensor is handled during covariance estimation.
When estimating covariance for two-way data in the PLS modelling step, it results in a 1D vector. However, for three-
way data, it becomes a matrix, and for four-way data, it becomes a 3D tensor, and so on. In summary, the dimension of
the estimated covariance for higher order data is equivalent to the number of variables in each mode. To manage such
high-dimensional covariance matrices/tensors, the main approach is to perform singular value decomposition (SVD)
when the covariance is a matrix or PARAFAC when the covariance is a tensor. It is important to note that SVD and
PARAFAC are used to extract one factor at a time, with the assumption that the single factor captures the dominant
variation in the covariance. The resulting loadings from SVD and PARAFAC are then utilised for score estimation.

In the proposed method, it is hypothesised that the presence of outlying observations can contaminate the estima-
tion of the covariances. Hence, the SVD and PARAFAC of the covariance matrix/tensor will carry over this contamina-
tion during the estimation of the scores. To deal with this, the key idea is to down-weight any potential outliers in the
data set such that the estimated covariance is minimally contaminated by the noise of the outliers. The proposed algo-
rithm deploys an iterative re-weighting step which iteratively estimates the sample weights using joint information of
the residuals and leverages estimated using the scores. By using the joint information from residual and leverages esti-
mated using scores, the method handles outliers in both the predictor and response. The iterative weighting idea is
inspired by chemometric methods proposed three decades back22,27 and some recent methods.17,18,25,26

In the older proposed iterative re-weighting PLS approaches,22,27 the main aim was to down-weight the outliers
based on information only about the y residuals. Only using y residuals means that the earlier methods were only able
to deal with outliers present in the response, which in most of the cases is sufficient as more errors are made during ref-
erence wet chemistry analysis than analytical measurements with instruments. However, in many cases, outliers can
also be present in predictors requiring a robust additional criterion to deal with outliers in both predictor and response.
Some recent methods25,26 proposed using additional estimates apart from y residuals such as scores and X residuals to
estimate sample weights. Later, methods estimated a single weight per sample by taking the element-wise product of
the weights estimated by different criteria. However, a main challenge with the approaches using multiple different
criteria is that the number of parameters to optimise increased proportionally. Such a large number of parameters can
be difficult to optimise when a low number of samples are available in the calibration set. In our earlier works, we have
proposed a new approach to jointly use the information from scores and y residuals without increasing the number of
parameters to optimise. The approach is based on the estimation of the adjusted residuals (Equation 1) using the lever-
ages estimated using the estimated scores17,18:

ri,adj¼ ri
ffiffiffiffiffiffiffiffiffiffiffiffi

1�hi
p , ð1Þ

where ri are the ordinary least squares (OLS) residuals and hi are the least squares fit leverage values estimated using
the scores. The leverage values hi are bounded between 0 and 1 (0 ≤ hi ≤ 1). A leverage value hi close to 1 indicates that
xi is deemed an extreme value (or outlier relative to other samples in the calibration set). Leverages adjust the residuals
by increasing the weight of high-leverage data points that have a large effect on the least squares fit, that is, exaggerat-
ing the degree of outlyingness that the subsequent weighting is based on. Adjusted residuals are then standardised as in
Equation (2).

ui¼ ri,adj
αs
¼ ri
αs

ffiffiffiffiffiffiffiffiffiffiffiffi

1�hi
p ¼ ti

α
, ð2Þ

where α is a tuning constant and s is an estimate of the standard deviation of the error term given by s¼MAD=0:6745.
MAD is the median absolute deviation of the adjusted residuals from their median. The constant 0.6745 makes the esti-
mate unbiased for the normal distribution. Note that the residuals are later replaced by the bisquare function
ri(ð1�u2

i Þ2. The tuning constant α defines the aggressiveness towards down-weighting outliers. For example, when
α!∞,ui 0, then all samples will be given equal weights (ri 1) and the algorithm will converge to NPLS. As the
α! 0, the method will become highly aggressive and down-weighting inliers. It is important to tune α using validation
approaches like earlier studies.17,18,26 However, note that compared with other earlier methods,25,26 our proposed
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approach only requires optimisation of one additional parameter α, apart from the total number of latent variables, to
deal with outliers in both predictor and response. The single extra parameter can be easily optimised either using a
validation set or cross-validation. Note that Equation (2) is similar to estimating studentised residuals ti. In this way,
estimation of ui is similar to estimation of ti/α.

The sample weights are modified using the bisquare function. Bisquare-based weighting is commonly implemented
in iterative re-weighting methods17,18,22,25,26,28 due to its simplicity in implementation and efficient operation. Readers
are free to choose from many weighting functions as presented in Cummins and Andrews.22 Note that the input to any
new weighting function will be standardised adjusted residuals as estimated in Equation (2). In the presented algo-
rithm, Y-residuals and leverage information from the scores at every latent variable extraction step were used for esti-
mating sample weights. Some earlier studies have also utilised spectral residuals (X-residuals).26 The current algorithm
can also be modified to include X-residual information. For example, during the estimation of the leverages, an average
of in-space and out-of-space leverage can be computed. However, in the current study, incorporating X-residual infor-
mation did not result in any improvement in the predictive performance of the models.

Note that in the literature, methods exist for decomposing higher dimensional arrays such as robust Tucker15 and
PARAFAC.16 However, in this study, the aim was predictive modelling based on covariance maximisation; hence,
robust versions of Tucker and PARAFAC were not used. Although to further refine the method, the current PARAFAC
step of decomposing covariance tensor can be replaced with robust PARAFAC.

2.3 | Data sets for method demonstration

This study uses three different real multilinear data sets openly available from https://ucphchemometrics.com/. All
three data sets were related to excitation–emission fluorescence and associated wet chemistry analysis performed on
the same samples. In the following, each data set is described. The irNPLS model performance was compared with an
NPLS model. In the case of the Enzyme data set, there was already data partitioned into calibration and test sets. For
the yoghurt and sugar data sets, one out of three samples were selected for the test set and the remaining samples were
used for model cross-validation and calibration. Model parameters were optimised using five-fold cross-validation. The
number of latent variables and the α parameter search space were both in the interval of Integers 1–20. Cross-validation
was performed on the grid of all 400 pairs. Note that the same algorithm was used for both irNPLS and NPLS. Only for
NPLS, the α parameter was set to infinity and median centring was replaced by mean centring to give equal weights to
all samples. The minimum of the cross-validation error curve (surface in case of irNPLS) was used to select the optimal
number of latent variables and α parameter. The model trained with optimal parameters was tested on the test set. The
MATLAB code for the algorithm is available at https://github.com/puneetmishra2/IRNPLS.

2.3.1 | Enzyme activity during fermentation

Data were first published in Mortensen and Bro29 and related to the monitoring of fed-batch cultivation in a bioreactor.
Sampling was performed (100 mL) from the bioreactor four to seven times during a batch run. In total, 25 batches were
monitored. At-line multi-channel fluorescence measurements were performed on homogenised culture broth (10 mL).
The samples were later analysed for protease degrading N ,N-dimethyl-casein. The coloured complex developed by the
reaction of the enzyme with 2,4,6-trinitrobenzene sulfonic was determined spectroscopically. Data were generated with
15 excitation filters ranging from 270 to 550 nm with a spectral resolution of 20 nm and 15 emission filters ranging from
310 to 590 nm also with a spectral resolution of 20 nm. In the reported literature there was a mention of a total of
283 samples,29 while the downloaded data set had a total of 338 samples in the calibration set and 53 samples in the test
set. In this work, we compared the NPLS model with the irNPLS model from scratch; hence, we used all the available
samples in the data set. A drawback of this is that the results cannot be directly compared with the results earlier
achieved in Mortensen and Bro.29

2.3.2 | Sugar ash content

Data were first published in Bro1 and consisted of 268 excitation–emission fluorescence measurements of sugar sam-
ples. The emission spectra from 275 to 560 nm were measured in 0.5 nm intervals (571 wavelengths) at seven excitation
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wavelengths (230, 240, 255, 290, 305, 325 and 340 nm). Samples were measured during 3 months of operation in late
autumn from a sugar plant in Scandinavia. As a reference parameter and measure of inorganic impurities in the refined
sugar, ash content was measured. Ash content was determined by conductivity.1 There were a total of 178 samples in
the calibration set and 90 samples in the test set.

2.3.3 | Parma ham age prediction

Data were first published in Møller et al30 and consisted of excitation–emission fluorescence measurements on Parma
ham samples. The aim was to predict the age of Parma ham with fluorescence measurements. Data were generated
with 15 excitation filters ranging from 270 to 550 nm with a spectral resolution of 20 nm and 15 emission filters ranging
from 310 to 590 nm also with a spectral resolution of 20 nm. In total, 67 samples of Parma ham were measured. There
were a total of 44 samples in the calibration set and 23 samples in the test set.

3 | RESULTS

A summary of NPLS and irNPLS analyses for the fermentation data is shown in Figure 1. Cross-validation analysis
results for NPLS are shown in (Figure 1A) and for irNPLS in (Figure 1B). For NPLS, cross-validation errors are pres-
ented as a function of the number of latent variables, while for irNPLS, errors are presented as a function of both the
latent variables and the α parameter. For irNPLS (Figure 1B), for the majority of α parameters, the cross-validation
error for irNPLS was lower than NPLS. For example, the irNPLS achieved a similar cross-validation error as NPLS but
with a lower number of latent variables. For NPLS, the minimum was found at 16 latent variables (Figure 1A). For

FIGURE 1 Fermentation data analysis results: (A) cross-validation trends for NPLS with a vertical line indicating the minimum,

(B) cross-validation trends for irNPLS with a red dot indicating the minimum, (C) prediction plot with y¼ x line in black and (D) posterior

analysis to compare irNPLS and NPLS as a function of the α parameter. LVs, latent variables.
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irNPLS, the minimum was noted at 16 latent variables and α value of 11. The model created with optimal parameters
was tested on the test set, and the results are shown in Figure 1C. As can be noted, compared with NPLS, the irNPLS
decreased the root mean squared error of prediction (RMSEP) from 0.74 to 0.67. The irNPLS achieved lower error com-
pared with NPLS using the same number of latent variables. The error decrease has directly to do with samples re-
weighting as the posterior analysis of the data with the same number of latent variables (16 for NPLS and irNPLS) but
different α parameter demonstrated that irNPLS achieved lower errors (Figure 1D) when α>10.

For the sugar data set as well, the irNPLS model achieved a lower RMSEP of 1.46 compared with 1.61 achieved with
NPLS (Figure 2C). The cross-validation analysis (Figure 2A,B) also showed that the irNPLS model achieved lower
cross-validation errors with a lower number of latent variables compared with the NPLS model (red trend). The total
number of latent variables for NPLS was 14 and for irPLS was 11 with α parameter as 10 at the optimal RMSECV. The
posterior analysis of the data with the same number of latent variables (14 for NPLS and irNPLS) but different α param-
eter values demonstrated that irNPLS achieved lower errors in general (Figure 2D).

For the Parma ham data set, the RMSEP for irNPLS was also lower than NPLS (Figure 3C). The NPLS model was
based on seven latent variables, and the irNPLS model was based on seven latent variables with α parameter of 20. In
general, the cross-validation analysis for the majority of α values attained lower errors than the NPLS cross-validation
errors (Figure 3A,B). Especially, after seven latent variables, the cross-validation error of NPLS analysis increased while
for irNPLS remained stable. This can be an indication that irNPLS is less prone to over-fitting as it focuses on learning
refined information with the sample re-weighting. A similar trend of cross-validation errors was noted for all the earlier
data sets as well. The posterior analysis of the data with the same number of latent variables (seven for NPLS and
irNPLS) but different α parameter values demonstrated that irNPLS achieved lower errors with higher α values
(Figure 3D).

FIGURE 2 Sugar data analysis results: (A) cross-validation trends for NPLS with a vertical line indicating the minimum, (B) cross-

validation trends for irNPLS with a red dot indicating the minimum, (C) prediction plot with y¼ x line in black and (D) posterior analysis to

compare irNPLS and NPLS as a function of the α parameter. LVs, latent variables.
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All three data sets had some samples which should not be given equal weights, as it can lead to detrimental model
performance as noted in the earlier analysis. To demonstrate that irNPLS was actually able to handle different outlying
samples, sample weights for all three data sets for the first latent variable are shown in Figure 4. As can be noted, the
fermentation data (Figure 4A) had minimal outliers but many samples attained lower than 1 weight and a couple had
weights from around 0.8 and down. For the sugar data set (Figure 4B), there were two extreme outlier achieving 0.4
weight while several other outliers attained weights between 0.9 and 0. For the Parma ham data set (Figure 4C), there
were some samples that achieved weights lower than 1.

In the earlier analyses, the RMSEP was primarily highlighted as a comparison measure. However, to gain more
detailed insights into the improvements achieved with the addition of the iterative re-weighting step, further detailed

FIGURE 3 Parma ham data analysis results: (A) cross-validation trends for NPLS with a vertical line indicating the minimum,

(B) cross-validation trends for irNPLS with a red dot indicating the minimum, (C) prediction plot with y¼ x line in black and (D) posterior

analysis to compare irNPLS and NPLS as a function of the α parameter. LVs, latent variables.

FIGURE 4 Sample weights obtained for different data set modelling scenarios: (A) fermentation data, (B) sugar data and (C) Parma

ham data.
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statistics were estimated and plotted in Figure 5. The ‘r’ parameter was estimated as the slope of regression line of
predicted versus true values. The ‘bias’ was estimated as average difference between true and predicted values. The
standard error of prediction (SEP) was estimated as square root of the difference between squared RMSEP and squared
bias. For the enzymatic fermentation data (Figure 5A), it can be noted that the reduction in RMSEP was both due to a
reduction in bias and SEP. The ‘r’ values were similar for both NPLS and irNPLS. In fact, the ‘r’ values were very simi-
lar for all three data sets. For the sugar data (Figure 5B), the reduction in RMSEP was mainly due to SEP, as the bias
was similar (or close) for both NPLS and irNPLS. For the Parma ham data (Figure 5C), the reduction in RMSEP was
both due to a reduction in bias and SEP.

4 | DISCUSSION AND FUTURE WORK

We have presented a novel approach to multilinear PLS modelling which intelligently handles outlying samples during
the calibration processes. This in practical terms means that the user does not need to perform additional outlier
removal analysis as the method automatically does that during modelling, thus saving additional computing and analy-
sis time. Furthermore, unlike the traditional outlier detection approaches where the user often ends up removing the
outlying samples, this method only down-weights the samples based on their level of outlyingness. Outlier removal is a
special case of this method, and it happens when the samples are extreme and assigned zero weights; however, such
cases are purely data driven. Furthermore, the method uses information from both the residuals and the scores to esti-
mate adjusted residuals for sample weight estimation. Hence, the method is sufficient to handle both predictor and
response outliers. The testing of the method on three real data set scenarios showed that the method achieved lower
root mean squared errors of prediction compared with the NPLS algorithm. The proposed algorithm can also be consid-
ered a new generic NPLS algorithm because NPLS is a special case of the presented algorithm. The NPLS model can
easily be obtained by setting the α parameter to infinity. Doing this will assign equal weights to all samples leading to
NPLS. The current algorithm is also suitable for doing traditional PLS and irPLS analysis, as PLS is a special case when
loading weights are simply vectors. We foresee wide applications of the method, especially not only for cases where
users suspect the presence of outliers but also for general PLS modelling as the method is automatic in terms of dealing
with outliers.

The proposed algorithm can be considered as the backbone for the development of further new multilinear
methods. For example, the same algorithm can be adapted to build a multi-response algorithm which can be used to do
joint prediction of multiple responses or classification modelling. The modification to deal with multiple responses can
be achieved by implementing the multilinear canonical PLS approach.14 The extension of multilinear canonical PLS is
simple and can be achieved by replacing the following steps for loading weight estimation. At first, candidate loading
weights are estimated as W¼XtY. Then, candidate scores are estimated as Z¼XW. Finally, weighted canonical analy-
sis is performed, the dominant left canonical weights are retained c( canoncorrðZ,Y,DÞ and the loading weights are
computed as V¼Wc before being subjected to normalisation/SVD/PARAFAC. Furthermore, the residuals from multi-
ple responses can be jointly handled as a product as done in earlier works.18,26 The same algorithm can also be adapted
to do higher order robust feature selection18 for multilinear data with methods such as N-way covariates selection.31

The feature selection step will involve binarising the robust loading weight vector using a criterion such as maximum
covariance. Developing further new robust methods inspired by the presented algorithm is a direction of future work.

FIGURE 5 Detailed prediction statistics: (A) fermentation data, (B) sugar data and (C) Parma ham data.
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