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Abstract Finite-amplitude free-surface flow in a wedge container is investi-
gated analytically. We study a motionless standing wave of pure potential-
flow acceleration with maximal amplitude where its right-angle surface peak
falls from rest. The nonlinear free-surface conditions are satisfied by a family
of flows where the chosen initial acceleration field is governed by one single
dipole plus its three image dipoles. Streamlines and isobars are plotted, with
the free surface as the zero-pressure isobar. The key geometric parameters are
tabulated for each case, supplied with force calculations for an upright wedge
container. The present approach is assessed against established eigenfunctions
for linearized standing waves in a wedge container. The present dipole flows
constitute a much richer family of peaked free sloshing shapes than the classical
Fourier modes of free oscillation.

Keywords Free oscillations - Peaked surface - Standing waves - Wedge
container

1 Introduction
The classical theory of water waves is a linear theory. Linearization of water

waves abolishes limits on amplitude. This apparent liberty is, of course, un-
physical, and questions concerning maximal amplitude are basic in the nonlin-
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2 Peder A. Tyvand, Jonas Kristiansen Ngland

ear theory of water waves. Full nonlinearity is crucial in dealing with maximal
wave amplitude, since no approximations will be fully adequate for a marginal
state where the wave height reaches its maximum.

The study of maximal wave height for nonlinear standing waves started
with Rayleigh [1], who carried out a third-order asymptotic expansion. The
concept of standing waves is basically linked to periodic oscillations in space
and time. Within these theoretical constraints of double periodicity, the high-
est standing waves will not break.

Penney and Price [2] developed this theory of highly nonlinear standing
waves, stimulating excellent experimental work [3-5]. The early theoretical
work on maximum standing waves [2, 6] took periodicity in time as a con-
straint. Fully nonlinear computations from initial conditions may lead to stand-
ing waves that are not periodic in time, which was anticipated in [6], and
demonstrated by Saffman and Yuen [7], applying the method developed by
Longuet-Higgins and Cokelet [8]. After [7] a number of papers followed, where
the evolution in time of fully nonlinear standing waves was simulated numer-
ically [9-12]. These papers had a focus on periodic oscillations but confirmed
that standing waves are not always periodic in time, even when they are ini-
tiated in a way that would guarantee periodicity according to linear theory.

Longuet-Higgins and Dommermuth [13] maintained spatial periodicity by
initiating the motion by a sinusoidal pressure impulse on a horizontal surface.
They achieved very high standing waves formed as slender jets, leading to
surface breaking. Their work [13], in combination with [14], contributes to the
theory of strongly nonlinear Cauchy-Poisson (CP) problems with an initial
surface velocity given. In a recent paper [15], two categories of nonlinear CP
problems are outlined. The first category is finite-amplitude surface deflections
released from rest under gravity. The second category is wave initiation by a
finite-amplitude pressure impulse on an initial horizontal surface, to which the
paper by Longuet-Higgins and Dommermuth [13] belongs.

We will now consider the first category of CP problems outlined in [15], by
studying the early stage of pure acceleration flows released from rest. We will
investigate stagnant peaked standing waves in a wedge container where the two
walls makes a right angle. There is a classical linear theory of free oscillations
for this geometry [16,17]. The nonlinear theory of free oscillations is not known,
as the geometry with sloping walls does not allow strictly time-periodic waves
of finite amplitude. Still, the highest possible elevations of free sloshing are of
basic importance, and our present approach offers a way to investigate such
shapes without looking at their underlying causality or nonlinear evolution in
time.

For the simpler case of a rectangular container, the analytical work by
Grant [18] stands out, and we will follow it as far as the maximal elevation is
concerned. His work from 1973 still gives the best agreement with the experi-
mental surface profile of the highest standing waves found by Taylor [3]. This
agreement inspires us to develop a similar theory for a wedge container. We
will primarily consider dipole potentials, but also make a comparison with the
classical Fourier potentials for linearized free sloshing [16,17].
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Peaked Sloshing in a Wedge Container 3

2 Formulation of the basic theoretical model

We will investigate a family of highest surface deflections with a long length
scale in an open container. First, we will state the problem for general 2D
container shapes, but in the present paper, we will focus on a wedge container.

As an elementary model for maximal standing wave amplitude, we consider
a situation where the fluid has come to rest with a deformed free surface. We
will look at the situation just before or just after the instant ¢ = 0, where
the velocity field is assumed to be zero everywhere. We therefore consider
an inviscid and incompressible fluid (liquid), which is initially at rest with the
surface elevation given by y = n(z,0). The fluid density p, and the gravitational
acceleration g, are constant.

The 2D fluid domain is represented in the x, y plane. There is a free surface
subject to constant atmospheric pressure. Time is denoted by t. Cartesian
coordinates x,y are introduced, where the y axis is directed upwards in the
gravity field, and the horizontal z axis is parallel to the undisturbed free
surface. The actual location of the undisturbed water level must be calculated
indirectly by calculating the area of the fluid domain in 2D. The components of
the velocity vector ¥ are denoted by (u,v). The surface elevation with time is
n(z,t), and in the present mathematical description, we measure the elevation
with respect to the lowest point inside the container.

No vorticity is generated within the inviscid fluid, which implies that the
flow is irrotational according to Kelvin’s theorem

V xT=0, (1)

as there is zero velocity initially. We take the time derivative of Kelvin’s con-
straint (1) to give

ov

Vx—=0. 2

5 (2)
The local acceleration is the total acceleration at ¢ = 07. The released flow at
t = 0T will therefore be an irrotational acceleration field, with the acceleration
potential ¢(z,y) so that 0U/0t|;—g+ = V¢. The incompressible flow implies
the validity of Laplace’s equation

V3¢ =0, 3)

in the entire fluid domain.
We consider only one instant ¢ = 0 in the present model, where the free

surface is assumed to be at rest
n

= 4
5| = @

implying that the entire fluid is at rest at t =0

Ul—o = 0. (5)
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4 Peder A. Tyvand, Jonas Kristiansen Ngland

From conservation of momentum, Bernoulli’s equation follows

PZPatm o 4 gy =0, (6)

where the convective term has been removed for this motionless state. The at-
mospheric pressure p,:,, appears as an integration constant. We will disregard
the reference pressure put,, (which corresponds to making the transformation
D — Patm — D). With zero initial velocity, the initial (nonlinear) dynamic free-
surface condition is

¢+gy=0, y=n(z,0). (7)

Our idealized model represents an instantaneous state of rest where the kinetic

energy in the standing oscillation is converted to potential energy in the gravity
field.

2.1 Calculation of geometric parameters

The container bottom is generally represented by f(z), and the initial free
surface is given by y = n(x,0). The fluid domain has the horizontal extension
x1 < x < x3, where (z1,y1) is the left-hand waterline point, and (x3,ys) is
the right-hand waterline point. The notation (x3,ys2) is reserved for the peak
point on the otherwise smooth surface between (z1,y1) and (z3,ys), see the
sketch in Figure 1.

The area of the 2D fluid domain is

s Y n(,0) — f(a))d. (®)

1

The centre of gravity (x., y.) for the fluid domain is the same as its area centre,
defined by the two integrals

ve= g [ alate0) = sl Q

w55 | 002 @), (10)

2.2 Forces exerted on the container

The container has an impermeable bottom, which we represent as y = f(x).
The function f(z) will later be specified as piecewise linear. The kinematic
boundary condition implies

n-V¢=0, y=f(x). (11)
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Peaked Sloshing in a Wedge Container 5

Here we introduce the unit normal vector 7, directed from the boundary into
the fluid domain. It is defined by
—fli+]
P +1

where f’ = df /dz. The unit vectors in the z and y directions are denoted by
i and j, respectively. From the Bernoulli equation (6) the pressure p is

ﬁ:

, (12)

p=—po+ pg(n(z,0) —y), (13)

measured relative to the atmospheric pressure. Here we have applied the dy-
namic condition (7).

The force (per unit length in the perpendicular direction) dF on a curve
element ds along the bottom is given as

dF = —iip\/1 + (f')?dx = (pg(n(,0) — f(x)) = pd)(f'(x)i — f)dx, (14)
along the bottom defined by y = f(x). This force element dF is the sum of a
hydrostatic force and a dynamic force, dF' = dFsiqtic + dFqyrn, Where we have
the formulas

-,

dﬁstatic = 09(77(% O) - f(.’l?))(f/(.'lf);— ])dl‘, (15)
dFyyn = po(—f'(2)i + j)dz, (16)
where the integrated static force is simply the weight of the fluid
— - x3 -
Fistatic = —Jpg/ (n(z,0) = f(z))dz = —jpgS. (17)
1

This line of action of this net force goes through the area center (z., y.) defined
by egs. (9)-(10).

2.3 On the initial surface peak

It is advantageous to work with complex flow potentials, and introduce the
complex variable
z=x+1iy, (18)

where 7 is the imaginary unit.

By definition, the zero-pressure isobar is the free surface, since we look for
the stagnant free surface with the maximal deflection. According to eq. (24)
the isobars are defined by

¢ +y = —p = constant. (19)

The free surface is included in this definition as the isobar of zero pressure.
The free-surface peak has an angle of 7/2. This is because the free surface
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6 Peder A. Tyvand, Jonas Kristiansen Ngland

represents an isoline for the real part of a complex function @ — iz in the
complex z plane
Re(® —iz) = constant. (20)

In a domain without singularities, these isolines are usually smooth, perpendic-
ular to the corresponding isolines for the imaginary part of the same complex
function. The peaked free surface can therefore only appear at an extremal
point for this complex function, so that we have

%(@ —iz) =0, (21)
at the surface peak z = xo+iys, where we pose the restriction that (d?/dz?)(®—
iz) # 0. At a maximum where only the first derivative of the complex func-
tion @ — iz is zero, the isolines for the real part will meet in a right-angle
cross. Thereby we have provided a simple argument for the surface peak to be
right-angled in standing waves.

2.4 A small-time expansion

The flow for small time (¢ > 0) can be described as follows

(45,77717) = (Oa nOapO) + t(¢15 Oapl) + t2(@2,ﬂ2,p2) + .. (22)

where an initially deformed free surface is released from rest under gravity.
The complex velocity potential @, the surface elevation 1 (measured vertically
with respect to a bottom level y = 0) and the pressure p are here Taylor
expanded in time. We have omitted ¢ in the series of eq. (22) because this
gravitational flow has no zeroth-order contribution. Moreover, there is no first-
order elevation 7; because the surface particles accelerate from rest. We are
studying only the leading-order contributions 79 = n(z,0), &1 = 0P/0t|;—o
and pg = p(x,y,0) in the present paper. The small-time expansion scheme is
formulated for the general overview, and it will not be in further practical use.

3 The mathematical model for a wedge container

The length scale H is basic for a dimensionless description, but we avoid stating
it explicitly. We introduce gravitational dimensionless quantities, achieved in
a simple way by putting g = 1. We work with a complex acceleration potential
& = ¢ + iy, where its real part ¢(x,y) is the flow potential and ¢(z,y) is the
streamfunction. The potential @; in the small-time expansion is thus written
as @ from now on.

From the dynamic free-surface condition (7) we have the dimensionless
free-surface condition valid for the initial flow
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Peaked Sloshing in a Wedge Container 7

since the velocity is initially zero. The dimensionless Bernoulli equation is
p+o+y=0, (24)

where the unit of dimensionless pressure p is pgH.

3.1 The upright wedge container with its dipole potential

We want to develop a model for non-breaking surface flow with large length
scale, since it is well-known that open containers are vulnerable to slow shak-
ing that triggers the lowest eigenmode of free-standing waves. We may bear
in mind a waiter who is carrying a soup with short and quick steps to avoid
triggering the slow eigenmodes that are dangerous for spilling the soup. Even
worse is a sudden stop, which sets the soup into instantaneous impulsive slosh-
ing. Tyvand and Miloh [19] showed that effectively two-thirds of the liquid
mass continues its steady forward motion after a sudden stop of the wedge
container.

Our model is relevant for a soup that has already been set into wave motion,
and we want to know how large deformation of the free surface is allowed to
have without breaking.

For clarifying the physics of the maximal surface deflection, it is an ad-
vantage that there are no length scales other than the scale set by the flow
configuration itself at ¢ = 0. We achieve this by considering a 2D wedge con-
tainer, with two sloping container walls meeting at a right angle in the bottom
point (z,y) = (0,0). When this wedge container has an upright position, the
two walls that meet at the origin are defined by

y=f(z) =, (25)

with no restriction on the horizontal coordinate (—oco < x < 00). It is impor-
tant that the fluid domain is in contact with both the container walls.

The fluid domain inside the wedge will then set a length scale, and the
potentials that produce this type of flow are multipole potentials with singu-
larities outside the fluid domain. The dipole potential is the only multipole
potential that is able to generate one localized surface peak of fluid inside a
container, which is what we are looking for. We do not offer a mathematical
proof that a single dipole located above the free surface is the only multipole
that can generate a single peak, but it is a postulate that has been confirmed
by various numerical tests.

The direction of the single dipole may be arbitrary, within the restrictions
for generating physically relevant flows. We will formulate the dipole potential
with its images for satisfying the kinematic condition along the two walls
y = a of the wedge. The complex version of the dipole position (X,Y) is

Z=X+1iY, (26)

This is the position of the primary dipole that generates the flow, but there
will be three additional image dipoles in the total flow potential.
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I I I 'ﬂ I I ravit
o (XY) = gravity
(0, 2)

1.5

0.5

.

(X3,y3) =
(0.679,0.679)

(xc Ye ) = o
(-0.190,0.706)

0 | | | |
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 1 Illustration of the calculated geometric parameters for a stagnant peaked free surface
in an upright wedge container with two slope angles +m/4, for a primary dipole with an
orientation perpendicular to the left-hand slope, located at (X,Y") = (0,2). The three image
dipoles are not included in the figure. A parallel dipole is located at the point (Y, X), the
two other (opposite) dipoles are located at the points (—Y, —X) and (—X, —Y’). This figure
will reappear with a different design as the second subfigure of Figure 3. The calculated
geometric parameters are: The coordinates of the left-hand waterline point (z1,y1). The
surface peak (x2,y2). The right-hand waterline point (x3,y3). The area centre (z¢, yc). The
direction of gravity is marked. This figure extends the mathematical zero-pressure isobar
(the stagnant peaked surface shape) outside the fluid domain, where it goes in a closed loop
through the dipole point (X,Y") = (0, 2).

We start our investigation with a dipole that is oriented in parallel with
the right-hand slope y = z, so that its primary dipole has a complex potential
of the form e*"/*/(z — Z). The total complex potential for a dipole oriented in
parallel with the right-hand slope is

(27)

eifr/4 eiﬂ'/4 65i7r/4 651'71'/4
b =A
parallel(z) (Z_Z+Z—ZZ*+Z+Z+Z+’LZ*>’
where we have introduced the complex conjugate Z* = X — ¢Y. Moreover, A
is a real-valued amplitude.

Figure 1 shows the peaked surface shape for this potential (27), with the
dipole located at the y axis, at the complex point Z = 2i. This figure illustrates
the different geometric parameters that we will determine in each computed
case. This is the (colored) area S of the fluid domain, and four points: 1) The
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Peaked Sloshing in a Wedge Container 9

left-hand waterline point (21, y1); 2) the surface peak (x2, y2); 3) the right-hand
waterline point (x3,ys); 4) the centre of gravity (z.,y.), which is the same as
the area centre. The length scale is set implicitly by the dipole position, and
we have chosen the vertical dipole coordinate Y as two length units with the
intention of achieving an area S about unity, which will result in geometric
parameters of order one.

Figure 1 shows only the primary dipole, located above the free surface.
In total there are four dipoles. There is one image dipole oriented in parallel
with the primary dipole, and two more image dipoles oriented in the opposite
direction. All these four dipoles are parallel to the right-hand slope y = x,
which means that their directions are perpendicular to the left-hand slope
y=—zx.

Figure 2 (upper portion) shows the configuration of the upright wedge
container, with all the four dipoles that are needed to satisfy the kinematic
condition along the walls. An angle of direction « for the dipoles is introduced,
where we define @ = 0 for the reference case where the pair of dipoles are
aligned with the right-hand slope, represented by the potential (27).

In general, « is the angle between the direction of the primary dipole
(located above the surface) and the right-hand slope of the container. This
angle « is shown graphically in Figure 2 (upper portion), with the full set of
four dipoles. This gives the complex potential

o A ei(ﬂ'/4+a) ei(ﬂ'/4fa) ei(57r/4+o¢) ei(57r/4fa) 05
(z0) = < z—7 + z—iZ* + 2+ 7 * z+iZ* )’ (28)

by generalizing the formula (27) where oo = 0.

3.2 Force calculations

The static force is simply the weight of the fluid in the container, as mentioned
above. The formula eq. (16) for the dynamic force has the dimensionless version

dFgyn = ¢(—f'7 + J)dz, (29)

where the easy way to introduce dimensionless variables is to put g = 1 and
p = 1. The unit for dimensionless force per length perpendicular to the z,y
plane is then pgH?. The corresponding unit for dimensionless torque per length
is pgH?3.

We will restrict our force calculations to the case of an upright wedge
container where the function that specifies the bottom geometry is f(x) = |z,
where the formula for the dynamic force reduces to

AF = & (‘|| +5') dz, y=|al. (30)
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gravity

=Y
: ' P IKS ,
! A S \y'
' \ 1 , ’ \
(-Y,-X) . S Rs N
R4 ’X
""" ¢ Siiiniaialy s
; Z ’ A
a 7 7 \\
Vs \
V2 \
¢ ()------1 -Y AR
t P (X,-Y) R
’ o .

gravity

Fig. 2 The two coordinate systems (x,y) and (&, §), with the respective coordinates (X,Y)
and (X , Y) of the primary dipole. The image dipoles are shown, with their coordinates. Both
coordinate systems have the origin in the lowest point of the container. The (z,y) system
is fixed in space with y axis vertical. The (Z, ) system is fixed with the container: its slope
angles are +7/4 in the (&, §) system. The dipole orientation angle « is defined in the (&, §)
system: Each dipole makes an angle o with the right-hand slope of the container.

Upper figure describes an upright container, where the (z,y) and (&, ) systems coincide.
Lower figure describes tilting of the container in the clockwise direction by an angle 3, and
the set of dipoles are fixed with the container in its tilting.
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We will consider a vertical dipole in the point (X,Y’), which gives the total
potential

. B y—Y r—Y
(b(m’y’X’Y)_A((x—X)2+(y—Y)2 T VR XP?
y+Y _ r+Y > (31)
(+X)2+y+Y)? (2+Y)?2+(y+X)2)’

written in real form.
The dimensionless static force on the container walls is the dimensionless
version of eq. (17)
Fiatic = 75‘7 (32)
This static weight of fluid has a line of action through the area center. This
weight sets a scale for the force. The initial dimensionless static torque with
respect to the bottom tip of the container (in the origin) is

Mstatic = Lstaticlc = _chv (33)

defined positive in the counter-clockwise direction.
The initial dynamic force on the upright wedge container is expressed by
the two integrals

0 T3
Fd;n - / ¢($,—$,X,Y)d$, FJ;” - / ¢($,$7X,Y)d$, (34)
X1 0

which will be evaluated and tabulated in Table 3. The total dynamic force in
vector form is then

(—i+7) (35)

The initial dynamic torque on the upright wedge container is

x3
Mgy, = 7/ oz, |z|, X, Y)zdx (36)
z1

defined positive in the counter-clockwise direction.

3.3 Notations for the tilted wedge container

In Figure 2, the upper portion illustrates the wedge container in its reference
upright position. We will now prepare computations for the case where the
wedge container is tilted an angle 3 in the clockwise direction, illustrated in
the lower portion of Figure 2.

The walls of the wedge will then make the angles 7/4— 3 and w/4+ 8 with
the horizontal x axis. We will calculate the fluid area S inside the 2D container.
We need to know the undisturbed water level 7, given by the formula

N LGl L) N0} (37)

1+tan?8
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We introduce the coordinate system (&, ¢), which is fixed with the wedge
when it rotates. The dipole position (X,Y) and the dipole orientation are also
related to a system that is fixed with the wedge container. This means that
the orientation angle « for the dipole and its three images are measured with
respect to the § axis, as illustrated in Figure 2. The transformations between
the two coordinate systems give the relationships

2= (z+iy)e =z, Z=(X+iY)e = ZeP. (38)

Still the y axis is directed upward in the gravity field.

4 Numerical results for dipole potentials

The mathematical solutions are established analytically, but we need to per-
form routine numerical calculations for the isobars and the geometric param-
eters. The first set of computations is illustrated in Figure 3 and its accompa-
nying Table 1. Here we have an upright container (8 = 0) with dipole direction
along the right-hand slope (« = 0). Figure 3 consists of four subfigures, where
we move the dipole a step length 0.5 between each displayed case. We choose
to fix the vertical location of the dipole at Y = 2 in all our computations. The
reason for this choice is that we want a fluid area of order 1, and we thought
that a vertical displacement of the dipole above the bottom tip would place
the free surface roughly halfway in between.

In Figure 3, note how the position of dividing streamline (DS) changes with
the gradual displacements of the dipole. The shape of the dividing streamline
is almost a straight line for the first two subfigures (a-b), while it close to
a circular arc for the last subfigure (d). These simple streamline shapes are
dictated by the direction of the closest image dipole. The slope angles by
which the surface meets the two boundaries are, in particular, worth noting.
The fact, and in particular, that the right-hand slope is steeper than the left-
hand slope. The right-angle surface peak is not symmetric, as it has a steeper
right-hand slope than its left-hand slope. In Figure 3, the tendencies of steeper
surface slopes on the right-hand side of the container relate to the direction
of the dipole, which is perpendicular to the left-hand container boundary and
parallel to the right-hand container boundary.

In Figure 4, we maintain the same dipole direction relative to the two
sloping walls of the container: the direction of the dipole is perpendicular to
the left-hand boundary and parallel to the right-hand boundary. The container
itself is tilted by an angle 7/8 to make its left-hand slope steeper (with angle
37/8) and the right-hand slope less steep (with angle 7/8). Figure 4 (a) and
(b) have the peculiarity of lacking a dividing streamline, which means that
the whole fluid packet starts sliding from left to right. This is because the
dipole direction is almost horizontal, which piles up fluid along the left-hand
boundary if the dipole is not too far away. There are six subfigures of Figure
4, and the last ones give elongated shapes along the mild slope, and they
have a dividing streamline. The portion of the fluid located above a dividing
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streamline, will start sliding along the boundary in the opposite direction of
gravity, which will not happen along the steepest slope unless it is pushed
upwards by a heap of fluid on the right-hand side of the container, which is
the case for the four last subfigures. Table 2 gives geometric parameters for
the cases displayed in Figure 4.

Figure 5 shows the physically simplest case of an upright wedge with a
vertical dipole. Due to symmetry, we only show four cases where X < 0.
As before, we consistently choose the vertical dipole position ¥ = 2, and
in Figure 5, we note how close the area is to one, which was our intention.
Table 3 gives computations linked to Figure 5, and for this symmetric case,
we have also computed the static and dynamic forces on the container. We
choose not to go into details, but remark that the dynamic forces due to
the instantaneous acceleration are remarkably large compared with the static
forces on the displaced fluid packet.

Figure 6 is our final example, where the container is again tilted by an
angle 8 = 7/8, as in Figure 4. The dipole direction is the same as in Figure
5, with respect to the container walls, which means that the dipole makes an
equal angle of 7/4 with each of the two walls. The shapes of the fluid packets
are similar to those of the previous tilted container in Figure 4, but there is
less concentrated piling of fluid along the steep left-hand slope. There are less
elongated fluid shapes along the mild right-hand slope. Table 4 gives geometric
parameters for the cases displayed in Figure 6 with its five subfigures.

Table 1 Dimensionless geometric parameters for dipole oriented along the right-hand slope
(aw = 0) with an upright container (8 = 0) and the position of the primary dipole at (X,Y),
where Y = 2. Four cases are computed, with different horizontal positions of the dipole. This
table refers to the cases displayed in Figure 3. We tabulate the coordinates of four points.
These are the left-hand waterline point (z1,y1), the surface peak (z2,y2), the right-hand
waterline point (z3,x3) and the mass centre (area centre) (xc,yc). The flow amplitude A,
the area S of the fluid domain and the average water level 77 are also tabulated.

Cases #1(a) #1(b) #1(c) #1(d)
(X’ Y) (_0”55 2) (07 2) (0-57 2) (1’ 2)
A 0.6257 0.6579 0.6517 0.6103

(z1, y1) (—1.2743,1.2743)  (—1.0948,1.0948) (—0.9699,0.9699)  (—0.8599,0.8599)
(z2, y2) (—0.8375,1.3675)  (—0.3102,1.3287) (0.2095, 1.3435) (0.7535,1.3930)
(z3, y3) (0.4934,0.4934) (0.6794,0.6794) (0.8761,0.8761) (1.1368,1.1368)
(2e, Ye) (—0.3661,0.6596)  (—0.1898,0.7064) (—0.0120,0.7309) (0.1584,0.7391)
Area S 0.6489 1.0011 1.1609 1.1579
n=VS 0.8055 1.0005 1.0774 1.0760

5 A symmetric Fourier potential

The single dipole offers a natural way of generating a concentrated surface
peak. A rich family of peaked shapes is prescribed by varying the direction
of the single dipole above the surface. We, therefore, base the present work
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Fig. 3 Streamlines and isobars for an upright wedge container with dipole parallel to the
right-hand slope (o = 0). Four subfigures are shown, with each dividing streamline (DS)
marked by a blue circle. The undisturbed water level is marked. The vertical dipole coor-
dinate is fixed at Y = 2, while its horizontal coordinate changes by a step of 0.5 between
each subfigure. The second subfigure was shown in Figure 1, with geometric parameters
explained. Each subfigure refers to Table 1, where the important geometric parameters are
tabulated.
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Fig. 4 Streamlines and isobars for a wedge container tilted by the angle 3 = w/8 where
the dipole is parallel to the right-hand slope (« = 0). Four subfigures are shown, with each
dividing streamline (DS) marked by a blue circle. The undisturbed water level is marked.
The vertical dipole coordinate is fixed at Y = 2, while its horizontal coordinate changes by
a step of 0.5 between each subfigure. Each subfigure refers to Table 2, where the important
geometric parameters are tabulated.
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Table 2 Dimensionless geometric parameters for dipole oriented along the right-hand slope
(aw = 0) with a tilted container (8 = 7/8). Position of primary dipole (X,Y), where Y = 2.
Six cases are computed, with different horizontal positions of the dipole. The set of tabulated
geometric parameters is the same as in Table 1. This table refers to the cases displayed in
Figure 4.

Cases #2(a) #2(b) #2(c) #2(d) #2(e) #2(f)
(X, Y) (05, 2) (1, 2) (1.5, 2) (2, 2) (25, 2) (3, 2)

A 0.7365 0.7828 0.8049 0.8099 0.7911 0.7385
(z1,y1)  (—0.5492,1.3258) (—0.4849,1.1705) (—0.4449,1.0742) (—0.4097,0.9891) (—0.3692,0.8913) (—0.3184,0.7686)
(w2, y2)  (—0.0200,1.3774)  (0.5015,1.3512)  (1.0046,1.3483)  (1.5151,1.3599)  (2.0437,1.3875)  (2.5950,1.4374)
(z3,y3)  (1.0799,0.4473)  (1.3595,0.5631)  (1.6660,0.6901)  (2.0165,0.8353)  (2.4121,0.9991)  (2.8516,1.1812)
(ze, ye)  (0.1368,0.6668)  (0.3229,0.7019)  (0.5100,0.7194)  (0.6970,0.7289)  (0.8781,0.7262)  (1.0205,0.6969)
Area S 0.9520 1.2884 1.5080 1.6256 1.5982 1.3472

7 0.8205 0.9545 1.0326 1.0721 1.06307 0.9760

Table 3 Dimensionless geometric and physical parameters for primary dipole oriented ver-
tically (« = m/4) with an upright container (8 = 0). Position of primary dipole (X,Y),
where Y = 2. Four cases are computed, with different horizontal positions of the dipole.
Due to symmetry, only cases where X < 0 are represented. The set of tabulated geometric
parameters is the same as in Table 1. In addition, this table shows force calculations. This
table refers to the cases displayed in Figure 5.

Cases #3(a) #3(b) #3(c) #3(d)
X, Y) (—-0.75, 2) (0.5, 2) (—0.25, 2) (0, 2)
A 0.5058 0.5240 0.5326 0.5350
(z1, y1) (—1.1940,1.1940)  (—1.0829,1.0829)  (—0.9901,0.9901)  (—0.9122,0.9122)
(z2, y2) (—0.7788,1.3740)  (—0.5132,1.3510)  (—0.255,1.3400)  (0.0000, 1.3375)
(23, y3) (0.7149,0.7149)  (0.7814,0.7814)  (0.8446,0.8446)  (0.9122,0.9122)
(Ze, o) (—0.2346,0.6975)  (—0.1602,0.7129)  (—0.0808,0.7186)  (0.0000,0.7201)
Area S 0.9566 1.0608 1.1116 1.1267
7=+S 0.9780 1.0300 1.0543 1.0615
Weight S 0.9566 1.0608 1.1116 1.1267
Static torque |Sz.| 0.2244 0.1699 0.0898 0
Dynamic force (0.6495,1.8312)  (0.4348,1.8693)  (0.2182,1.8857) (0,1.8903)
Dynamic torque -0.5857 -0.3717 -0.1799 0

Table 4 Dimensionless geometric parameters for primary dipole oriented an angle oo = 7 /4)
with respect to the right-hand slope. The container is rotated an angle 8 = 7/8 in the
opposite direction so that the dipole makes an angle 8 = 7/8 with the vertical direction.
Position of primary dipole (X,Y), where Y = 2. Four cases are computed, with different
horizontal positions of the dipole. The set of tabulated geometric parameters is the same as
in Table 1. This table refers to the cases displayed in Figure 6.

Cases #4(a) #4(b) #4(c) #4(d) #4(e)
(X, Y) (0, 2) (0.5, 2) 1, 2) (1.5, 2) (2, 2)

A 0.491254 0.550059 0.576701 0.587333 0.580698
(z1, 1)  (—0.5513,1.3309) (—0.4535,1.0949)  (—0.3920,0.9465) (—0.3419,0.8253) (—0.2921,0.7052)
(z2,y2)  (—0.1965,1.4013)  (0.3378,1.3414)  (0.8425,1.3187)  (1.3499,1.3148)  (1.8616,1.3300)
(z3,y3)  (1.3301,0.5509)  (1.5430,0.6391)  (1.7695,0.7330)  (2.0433,0.8464) (2.3636,9790)
(ze, ye)  (0.2125,0.6510)  (0.3727,0.6806)  (0.54753,0.6817)  (0.7296,0.6757)  (0.9076,0.6614)
Area S 1.034169 1.288790 1.387205 1.379716 1.238313

7 0.855142 0.954627 0.990405 0.987728 0.935745
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Fig. 5 Streamlines and isobars for an upright wedge container with vertical dipole, repre-
sented by a = 7 /4. Four subfigures are shown, with each dividing streamline (DS) marked
by a blue circle. The undisturbed water level is marked. The vertical dipole coordinate is
fixed at Y = 2, while its horizontal coordinate changes by a step of 0.25 between each
subfigure. Due to symmetry, only cases with X < 0 are displayed. Each subfigure refers to
Table 3, where the important geometric parameters are tabulated.
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Fig. 6 Streamlines and isobars for a tilted wedge container with tilt angle 8 = 7/8. The
two slope angles measured with respect to the +z axis are then 7/8 and 57 /8. The dipole
makes an angle 7/8 with the vertical y axis, and its direction makes the same angle w/4
with each of the container walls. Five subfigures are shown, with each dividing streamline
(DS) marked by a blue circle. The undisturbed water level is marked. The vertical dipole
coordinate is fixed at Y = 2, while its horizontal coordinate changes by a step of 0.5 between
each subfigure. Each subfigure refers to Table 4, where the important geometric parameters
are tabulated.
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on the single dipole, to which three image dipoles are added for satisfying the
kinematic conditions along the two walls.

However, there is no available analytical benchmarking for our finite-amplitude

dipole solutions. The existing analytical solutions are the well-established
Fourier solutions for linearized free oscillations in a wedge container (Lamb
1932), summarized by Faltinsen and Timokha (2009). Only the case of an
upright container with slope angles of +7/4 has been solved.

The symmetric spatial potential for free oscillation Fourier modes can be
reinterpreted for our purpose as an acceleration potential, to be written as

¢(z,y,0) = A(cosh(kx) cos(ky) + cos(kx) cosh(ky)). (39)

Our finite-amplitude theory with the exact nonlinear dynamic condition (23)
provides a maximal value for |A| corresponding to a peaked surface. The com-
plex version of the potential (39) has the simple form

&(2) = ¢(z,y) + iv(x,y) = A(cos(kz) + cosh(kz)). (40)

where 9 is the streamfunction.

Figure 7 shows three peaked surface shapes generated by the symmetric
Fourier potential (40), for the upright wedge and for two cases with increasing
tilt angle 3, for which the complex variable z must be replaced by ze?? in eq.
(40). For our purpose of calculating the peaked stagnant surface k is a free
parameter used for setting the length scale. The particular value k = 1.1912
and is chosen because it gives a peaked surface with the same average water
level n = 1.0615 as in Figure 5 (d), which is the symmetric case among the
dipole flows studied above.

The upright wedge shown in Figure 7 (a) is repeated in Figure 8, where
it is compared with a similar symmetric dipole solution. The cases of tilted
wedges shown in Figure 7 (b) (8 = 15°) and Figure 7 (¢) (8 = 30°) are based
on the same symmetric Fourier potential (40), but we have not developed any
comparable dipole solutions. We maintain the chosen wave number k = 1.1912
in all three subfigures of Figure 7, and the amplitude A is adjusted in each case
in order to achieve a peaked zero-pressure isobar, which is the free surface. We
note that the area of fluid is kept almost constant as we tilt the container.

It is interesting to compare the two tilted cases of Figure 7 with the previous
Figures 4 and 6, where the tilt angle for a dipole solution is 5 = 22.5°. Figure 7
shows a more rigid pattern, with a straight dividing streamline hitting exactly
at the origin. The dipole cases chosen in Figures 4 and 6 are qualitatively
different: they all have curved streamlines, and they hit one of the sloping
walls of the container.

Figure 8 offers a visual comparison between the fully symmetric version
of our dipole model and the symmetric Fourier potential, as we include in
the figure (as black lines) the peaked surface and its neighboring isobar from
the dipole model. The agreement between the dipole solution and the Fourier
solution is good, considering that both these solutions obey the full nonlinear
dynamic condition at the free surface. Figure 8 can be considered as comparing
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a dipole flow with its Fourier expansion truncated after one term only, at the
respective free surface released from rest under gravity, applying the exact
dynamic condition. The comparable wavenumber eigenvalue for linearized free
periodic oscillations at unit depth is k = 2.356 given by Faltinsen and Timokha
(2009, p. 129). We note that this value for the wavenumber is about twice as
large as the present value k = 1.1912 for the peaked free surface, and this
discrepancy indicates the importance of nonlinearity at the peaked surface.

We have now demonstrated good agreement with known Fourier potentials,
and we have indicated how all dipole potentials can be Fourier expanded. Note
that the peaked finite-amplitude shapes of Fourier potentials do not belong
to the classical theory of free oscillations, which is a linearized theory. Even
though our dipole potentials can be Fourier expanded, the dipoles offer a much
more compact classification of peaked surface shapes. Moreover, the dipoles
have the flexibility of the orientation angle for the dipole, different from the
Fourier solutions.

6 Discussion

The idea of a stagnant peaked elevation for free oscillation of maximal ampli-
tude was first presented by Grant [18], but earlier pioneering work [2] hints
in the same direction. These models are restricted to rectangular containers,
while our type of model for a wedge container was introduced in [15]. Grant’s
work [18] on a rectangular container with infinite depth establishes an elemen-
tary Fourier mode for infinite depth with dimensionless wavelength A = 2.
The resulting dimensionless velocity potential is

¢ = Acos(z)eY (41)

Its induced peaked crest has the elevation 7,4, = 1 and corresponding trough
Nmin = —0.2785, occurring at the amplitude value A = —1/e = —0.36788. The
ratio between wave amplitude (crest minus trough) and wavelength is

M = 0.20348, (42)
valid for infinite depth, in agreement with Grant [18]. |7mn | is the solution of
the transcendental equation

The case of an infinite depth has no controversy concerning length scales. A
stagnant peaked surface shape with simple horizontal periodicity sets its own
length scale, as its wavelength is the only possible length scale.

We have seen that the present model agrees well with the established work
on the highest standing wave for a rectangular geometry with infinite depth.
Even though the rectangular geometry is special in many respects, we take this
agreement as a confirmation of the relevance of our model, where we investigate
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Fig. 7 Peaked free surface based on the Fourier acceleration potential &(z;8) =
A(cos(kze'®) + cosh(kzeP)), where 3 is the tilt angle for the wedge container. The stream-
lines and the isobars are displayed for the instantaneous flow released from rest. Three cases
with different tilt angles are displayed. (a) 8 = 0. (b) 8 = 15°. (¢) 8 = 30°. For all subplots,
k = 1.1912. The value of k£ was set to achieve the same average water level as that for the
symmetric dipole case #3(d).
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Fig. 8 Peaked free surface based on the symmetric Fourier acceleration potential ®(z;0) =
A(cos(kz) + cosh(kz)), with zero tilt angle for the wedge container. The streamlines and
the isobars are displayed for the instantaneous flow released from rest. The amplitude A is
chosen to get the same average water level as that for the symmetric dipole case 3(d), which
is included by black dashed lines.

a family of stagnant standing wave shapes of maximal amplitude in a wedge
container. The right-angle wedge shape is a simple non-rectangular geometry
since the relevant class of acceleration field is a sum of four dipole potentials.
The surface peak will always have a right angle, but the slope angles of its two
sides may often be quite far from the value 7/4 when the peak is symmetric,
like a Fourier mode in a rectangular container.

The triangular geometry of our container makes it much more difficult to
classify the peaked surface shapes, compared with the rectangular geometry
which we just discussed. The ratio between wave amplitude and wavelength
proved to be useful for rectangular geometry, but it is no longer well-defined
for the wedge container. As a substitute, we may introduce the following ratio
defined as

A77 _ Nmaz — Nmin

E o 2(13 7131) ’ (44)

which we may call the maximum relative wave height. Here 1,4, = y2 is the
elevation of the surface peak, and 7,,,;, is the smaller value of 77; and n3. The
horizontal distance x3 — x1 between the two waterline points is the substitute
for half a wavelength. This ratio can be calculated for Figures 3-6, and we are
interested in the maximal value of An/Ax for each figure.

We have calculated the highest value of this ratio for each of these figures.
Figure 3 (a) gives An/Ax = 0.2472. Figure 4 (a) gives An/Az = 0.2855.
Figure 5 (a) gives An/Az = 0.1726. Figure 6 (a) gives An/Az = 0.2260.

The fact that An/Ax is often greater for the wedge than for the rect-
angular container has interesting consequences, which we can give a popular
interpretation by imagine a waiter carrying a bowl of soup. The waiter must
avoid spilling the soup, and they must also avoid splashes from the soup as a
result of surface-breaking. The great values of An/Ax for the wedge container
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show that it is much easier to achieve great non-breaking wave amplitude in
a container with sloping walls than in a container with vertical walls. Vertical
walls may deliver vertical splashes as upward wall jets, which will not arise
from sloping walls. Sloping walls in a soup bowl thus reduces the danger of
quick splashes delivered from the soup, compared with a rectangular container,
partly because there is a higher amplitude threshold before surface-breaking
takes place. The disadvantage is that there is a much greater danger of spilling
the whole soup from a soup bowl when the walls are sloping.

We have not attempted to optimize the maximal values of An/Ax for a
wedge container, but we have illustrated by examples that the relative ele-
vation of non-breaking waves easily gets much higher values for a container
with sloping walls than for a rectangular container. Our results indicate that
it is very difficult (perhaps impossible) to establish a strictly time-periodic
nonlinear standing wave in a non-rectangular container. Nonlinear standing
waves should be periodic in both space and time, but with a non-rectangular
geometry, periodicity in space is not an option. If we stick to a strict definition
of the standing wave as periodic in space and time, we can perhaps not talk
about standing waves in non-rectangular containers like our wedge container.
Free oscillations and sloshing are concepts that we can use if standing waves
are not adequate.

7 Conclusions

Free oscillations in open liquid containers is a topic of practical interest. If the
oscillation amplitude exceeds a threshold value, some of the liquid mass may
leave the container by either spilling or splashing. Spilling means that bulk
fluid is set into motion out of the container. Splashing means that the surface
breaks locally. A configuration at the threshold of splashing is a stagnant fluid
elevation with a peaked surface and only gravitational potential energy. To
our knowledge, stagnant peaked elevations have never been studied systemat-
ically for non-rectangular containers. This is what we do in the present paper.
We consider only the instant of a pure acceleration field in standing waves.
Classical theory [2] as well as experiments [3-5] indicate that time-periodic
standing waves with relatively high amplitude exist in rectangular containers,
having a stagnant stage of maximal elevation.

Decent scientific progress can be achieved when theory is developed in com-
bination with basic experiments. This has been the case for standing waves,
which have several advantages from an experimental point of view, compared
with travelling waves. The difficult dilemmas of wave reflections, combined
with the lack of nonlinear radiation conditions, do not exist for standing waves.
Excellent experiments on standing waves in rectangular geometry have stim-
ulated theoretical work on this topic.

Time-periodic standing waves must be reversible, which implies the exis-
tence of an instantaneous state of maximal elevation with zero kinetic energy
and maximal potential energy. This gives an opportunity to describe quite
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accurately the highest possible elevation as a state where the free surface has
a peak. The difficulty is to pick the right flow potential for representing the
peaked state of maximal elevation, and this potential is then an acceleration
potential for the initial flow released from rest. The present work follows the
general modeling by Tyvand [15], who selected Fourier potential for the high-
est wave in rectangular containers, and dipole potentials for the highest wave
in a wedge container.

We have investigated a family of peaked free-surface shapes in an open
container with a wedge shape made of two walls that are meeting at a right
angle. This family of shapes may have been built by a slow shaking of the
container, and the single peak is best represented by a single dipole. This
primary dipole sets up three additional image dipoles in order to satisfy the
two kinematic conditions along the walls of the wedge container. This sum
of four dipoles gives exact acceleration fields for stagnant free-surface shapes,
and we have combined it with the exact nonlinear dynamic condition.

The knowledge of free nonlinear oscillations in containers with sloping walls
is very limited. One obstacle to theoretical developments is that a Lagrangian
type of description is needed to capture the finite motion of fluid particles
along the sloping walls. We have omitted these difficulties by addressing the
state of maximal wave height with peaked surface and zero kinetic energy. Not
knowing whether these stagnant configurations with large deflections may arise
in a time-periodic flow, it is nevertheless legal to release any surface shape from
rest as a Cauchy-Poisson problem. It is not a surprise that maximal wave
height cannot be defined uniquely. Even with our limitation of looking at
single dipole flow, the position, and orientation of the primary dipole results
in a variety of shapes from which it is difficult to select one as the highest
standing wave. Precise criteria are not available for defining or selecting the
highest wave. The only available benchmarking we were able to carry out,
applied the classical Fourier eigenfunctions for free oscillations in an upright
wedge container [16,17]. Thereby, we illustrated the versatility of the dipole
potential, indicating that the Fourier potentials for acceleration flows cannot
give the full picture of admissible stagnant surface shapes close to surface
breaking.

In conclusion, we have only touched upon the difficulties in the open field
of free nonlinear oscillations in containers with sloping walls.
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