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Ð.È.Êàäèåâ, À.Â. Ïîíîñîâ

Àííîòàöèÿ. Èññëåäóþòñÿ âîïðîñû ãëîáàëüíîé ýêñïîíåíöèàëüíîé p�óñòîé÷èâîñòè (2 ≤ p <
∞) ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ñ çàïàçäûâàíèÿìè ñïåöèàëüíîãî âèäà
íà îñíîâå òåîðèè ïîëîæèòåëüíî îáðàòèìûõ ìàòðèö. Äëÿ ýòîãî ïðèìåíÿþòñÿ èäåè è ìåòîäû, ðàç-
ðàáîòàííûå Í.Â.Àçáåëåâûì è åãî ó÷åíèêàìè äëÿ èññëåäîâàíèÿ âîïðîñîâ óñòîé÷èâîñòè äåòåðìèíè-
ðîâàííûõ ôóíêöèîíàëüíî�äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ ãëî-
áàëüíîé ýêñïîíåíöèàëüíîé p�óñòîé÷èâîñòè (2 ≤ p < ∞) ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé Èòî ñ çàïàçäûâàíèÿìè â òåðìèíàõ ïîëîæèòåëüíîé îáðàòèìîñòè ìàòðèö, ïîñòðîåííûõ
ïî èñõîäíîé ñèñòåìå. Ïðîâåðÿåòñÿ âûïîëíèìîñòü ýòèõ óñëîâèé äëÿ êîíêðåòíûõ óðàâíåíèé.

1. Ââåäåíèå.
Âîïðîñàì óñòîé÷èâîñòè ðåøåíèé ñèñòåì ñî ñëó÷àéíûìè ïàðàìåòðàìè ïîñâÿùåíî áîëüøîå êî-

ëè÷åñòâî ðàáîò. Äîñòàòî÷íî ïîëíûé èõ ñïèñîê ïðèâåäåí â ìîíîãðàôèÿõ [1]�[4]. Â îñíîâíîì, â
ýòèõ ðàáîòàõ èññëåäîâàíèå ñòîõàñòè÷åñêîé óñòîé÷èâîñòè ïðîâîäèòñÿ òðàäèöèîííûìè ìåòîäàìè,
îñíîâàííûìè íà ôóíêöèîíàëàõ Ëÿïóíîâà�Êðàñîâñêîãî�Ðàçóìèõèíà. Îäíàêî ïðèìåíåíèå ýòèõ
ìåòîäîâ âî ìíîãèõ ñëó÷àÿõ âñòðå÷àåò ñåðü¼çíûå òðóäíîñòè. Ïîýòîìó ýôôåêòèâíûå ïðèçíàêè
óñòîé÷èâîñòè îáû÷íî óäàåòñÿ äîêàçûâàòü ëèøü äëÿ ñðàâíèòåëüíî óçêèõ êëàññîâ ñòîõàñòè÷åñêèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì. Ñ äðóãîé ñòîðîíû, â òåîðèè óñòîé÷èâîñòè äå-
òåðìèíèðîâàííûõ ôóíêöèîíàëüíî�äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêóþ ýôôåêòèâíîñòü ïî-
êàçàë W�ìåòîä, ò.å. ìåòîä ïðåîáðàçîâàíèÿ èñõîäíîãî óðàâíåíèÿ ñ ïîìîùüþ âñïîìîãàòåëüíîãî
óðàâíåíèÿ, ðàçðàáîòàííûé Í.Â.Àçáåëåâûì è åãî ó÷åíèêàìè. Öåëüþ òàêîãî ïðåîáðàçîâàíèÿ ÿâ-
ëÿåòñÿ ïîëó÷åíèå èíòåãðàëüíîãî óðàâíåíèÿ, äëÿ êîòîðîãî ïðîùå èññëåäîâàòü íóæíûå ñâîéñòâà
ðåøåíèé.

Äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ñ ïîñëåäåéñòâèåì âîïðîñû óñòîé÷èâî-
ñòè èçó÷åíû íåäîñòàòî÷íî. Â ðàáîòàõ [5], [6] èññëåäîâàëèñü âîïðîñû ëîêàëüíîé óñòîé÷èâîñòè
ðåøåíèé íåëèíåéíûõ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì ñ ïîìî-
ùüþ W�ìåòîäà. Â ñëó÷àå ëèíåéíûõ óðàâíåíèé ëîêàëüíàÿ óñòîé÷èâîñòü ðåøåíèé è ãëîáàëüíàÿ
óñòîé÷èâîñòü ðåøåíèé ýêâèâàëåíòíû, â íåëèíåéíîì æå ñëó÷àå èç ãëîáàëüíîé óñòîé÷èâîñòè ðå-
øåíèÿ ñëåäóåò ëîêàëüíàÿ óñòîé÷èâîñòü ýòîãî æå ðåøåíèÿ, íî îáðàòíîå íåâåðíî. Êðîìå òîãî, â
ñëó÷àå ëèíåéíûõ óðàâíåíèé èç ëîêàëüíîé óñòîé÷èâîñòè íåêîòîðîãî ðåøåíèÿ óðàâíåíèÿ ñëåäóåò
ëîêàëüíàÿ óñòîé÷èâîñòü ëþáîãî ðåøåíèÿ ýòîãî æå óðàâíåíèÿ, à â ñëó÷àå íåëèíåéíûõ óðàâíåíèé
ýòîò ôàêò òàêæå íåâåðåí.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âîïðîñû ãëîáàëüíîé ýêñïîíåíöèàëüíîé p�óñòîé÷èâîñòè (2 ≤
p < ∞) ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ñ çàïàçäûâàíèÿìè ñïåöèàëüíîãî
âèäà. Ïðè ýòîì ïðèìåíÿþòñÿ ïðèíöèïû W�ìåòîäà è òåîðèÿ ïîëîæèòåëüíî îáðàòèìûõ ìàòðèö.
Îòëè÷èå îò êëàññè÷åñêîãî W�ìåòîäà ñîñòîèò â òîì, ÷òî êàæäîå óðàâíåíèå ñèñòåìû ïðåîáðàçóåò-
ñÿ íåçàâèñèìî îò îñòàëüíûõ, à êàæäàÿ êîìïîíåíòà ðåøåíèÿ îöåíèâàåòñÿ îòäåëüíî. Òàêîé ïîäõîä,
â ñî÷åòàíèè ñî ñïåöèàëüíûì âèäîì óðàâíåíèÿ, ïîçâîëÿåò ïîëó÷èòü íîâûå ðåçóëüòàòû íå òîëüêî
äëÿ íåëèíåéíûõ, íî è äëÿ ëèíåéíûõ óðàâíåíèé, êàê âàæíîì ÷àñòíîì ñëó÷àå óðàâíåíèé íåëè-
íåéíûõ. Äëÿ ïîëó÷åíèÿ îöåíîê â ñòàòüå èñïîëüçîâàí ìåòîä ðàáîòû [7], ïðèìåíåííûé òàì äëÿ
èññëåäîâàíèÿ ãëîáàëüíîé ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ñèñòåì äåòåðìèíèðîâàííûõ íåëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèÿìè.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îáúåêò èññëåäîâàíèÿ.
Ïóñòü: (Ω,F , (F)t≥0, P ) � ñòîõàñòè÷åñêèé áàçèñ; Bi, i = 2, ...,m � íåçàâèñèìûå ñòàíäàðòíûå

âèíåðîâñêèå ïðîöåññû; 1 ≤ p < ∞; cp � ïîëîæèòåëüíîå ÷èñëî, çàâèñÿùåå îò p ([8], ñ. 65) è
èñïîëüçóåìîå â îöåíêå (2); E � ñèìâîë ìàòåìàòè÷åñêîãî îæèäàíèÿ; |.| � íîðìà â Rn; ||.|| � íîðìà
n× n�ìàòðèöû, ñîãëàñîâàííàÿ ñ íîðìîé â Rn; ||.||X � íîðìà â íîðìèðîâàííîì ïðîñòðàíñòâå X;
µ � ìåðà Ëåáåãà íà [0,+∞).

Ïóñòü B = (bij)
m
i,j=1 � m×m�ìàòðèöà. Ìàòðèöà B íàçûâàåòñÿ íåîòðèöàòåëüíîé, åñëè bij ≥ 0,

i, j = 1, ...,m, è ïîëîæèòåëüíîé, åñëè bij > 0, i, j = 1, ...,m.
Îïðåäåëåíèå 1.[9] Ìàòðèöà B = (bij)

m
i,j=1 íàçûâàåòñÿ M�ìàòðèöåé, åñëè bij ≤ 0 ïðè i, j =

1, ...,m è i ̸= j è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:
� äëÿ ìàòðèöû B ñóùåñòâóåò ïîëîæèòåëüíàÿ îáðàòíàÿ ìàòðèöà B−1;
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� äèàãîíàëüíûå ìèíîðû ìàòðèöû B ïîëîæèòåëüíû.
Ëåììà 1. [9] Ìàòðèöà B ÿâëÿåòñÿ M�ìàòðèöåé, åñëè bij ≤ 0 ïðè i, j = 1, ...,m è i ̸= j, à

òàêæå âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

� bii >
m∑

j=1i ̸=j

|bij |, i = 1, ...,m;

� bjj >
m∑

i=1i ̸=j

|bij |, j = 1, ...,m;

� ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà ξi, i = 1, ...,m òàêèå, ÷òî ξibii >
m∑

j=1,i̸=j

ξj |bij |, i = 1, ...,m;

� ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà ξi, i = 1, ...,m òàêèå, ÷òî ξjbjj >
m∑

i=1,i̸=j

ξi|bij |, i = 1, ...,m.

Îáúåêòîì èññëåäîâàíèÿ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé
Èòî ñ çàïàçäûâàíèÿìè âèäà

dxi(t) =

[
−ai(t)xi(hi(t)) +

n∑
j=1

Fij(t, xj(hij(t)))

]
dt+

m∑
l=1

[
n∑

j=1

Gl
ij(t, xj(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n

(1)

ñ íà÷àëüíûìè óñëîâèÿìè
xi(t) = φi(t) (t < 0), i = 1, ..., n, (1a)

xi(t) = bi, i = 1, ..., n, (1b)

ãäå:
1. ai � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, çàäàííàÿ íà [0,∞) è òàêàÿ, ÷òî 0 < āi ≤ ai ≤ Ai (t ∈

[0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ ÷èñåë āi, Ai ïðè i = 1, ..., n;
2. Fij(., u) � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, çàäàííàÿ íà [0,∞), Fij(t, .) � íåïðåðûâíàÿ ôóíê-

öèÿ íàR1 òàêàÿ, ÷òî |Fij(t, u)| ≤ F̄ij |u| (t ∈ [0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî
÷èñëà F̄ij ïðè i, j = 1, ..., n;

3. Gl
ij(., u) � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, çàäàííàÿ íà [0,∞), Gl

ij(t, .) � íåïðåðûâíàÿ ôóíê-

öèÿ íà R1 òàêàÿ, ÷òî |Gl
ij(t, u)| ≤ Ḡl

ij |u| (t ∈ [0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðîãî ïîëîæèòåëü-

íîãî ÷èñëà Ḡl
ij ïðè l = 1, ...,m, i, j = 1, ..., n;

4. hi, hij , h
l
ij � èçìåðèìûå ïî Ëåáåãó ôóíêöèè, çàäàííûå íà [0,∞) òàêèå, ÷òî 0 ≤ t − hi(t) ≤

τi, 0 ≤ t−hij(t) ≤ τij , 0 ≤ t−hl
ij(t) ≤ τ lij (t ∈ [0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ

÷èñåë τi, τij , τ
l
ij ïðè l = 1, ...,m, i, j = 1, ..., n;

5. φi � F0�èçìåðèìûé ñêàëÿðíûé ñëó÷àéíûé ïðîöåññ, çàäàííûé íà [σi, 0), ãäå σi = max{τi, τij ,
τ lij , l = 1, ...,m, j = 1, ..., n};

6. bi � F0�èçìåðèìàÿ ñêàëÿðíàÿ ñëó÷àéíàÿ âåëè÷èíà ïðè i = 1, ..., n.
Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
� b := col(b1, ..., bn);
� φ := col(φ1, ..., φn);
� Z(t) := col(B1(t), ...,Bm(t));
� kn � ëèíåéíîå ïðîñòðàíñòâî n�ìåðíûõ F0 � èçìåðèìûõ ñëó÷àéíûõ âåëè÷èí;
� Ln(Z) ñîñòîèò èç n × m�ìàòðèö, ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ ïðîãðåññèâíî èçìåðèìûìè

ñëó÷àéíûìè ïðîöåññàìè, çàäàííûìè íà [0,+∞), à ñòðîêè ýòèõ ìàòðèö ÿâëÿþòñÿ ëîêàëüíî (ò.å.
íà îòðåçêàõ [0, T ] äëÿ ëþáîãî T ∈ [0,+∞)) èíòåãðèðóåìûìè ïî Z; ïðè ýòîì èíòåãðàë ïî ïåðâîìó
ýëåìåíòó ñòðîêè ïîíèìàåòñÿ â ñìûñëå Ëåáåãà, à ïî îñòàëüíûì ýëåìåíòàì ñòðîêè - â ñìûñëå Èòî;

� Dn ñîñòîèò èç n�ìåðíûõ ïðîãðåññèâíî èçìåðèìûõ ñëó÷àéíûõ ïðîöåññîâ íà [0,+∞), ïðåä-

ñòàâèìûõ â âèäå x(t) = x(0) +
t∫
0

f(s)dZ(s) (t ≥ 0), ãäå x(0) ∈ kn, f ∈ Ln(Z).

Â äàëüíåéøåì èñïîëüçóåòñÿ òàêæå ñëåäóþùååå îáîçíà÷åíèå, ñâÿçàííîå ñ ïðîñòðàíñòâàìè kn:

knp =
{
α : α ∈ kn, ∥α∥kn

p
= E|α|p < ∞

}
.

Îòìåòèì, ÷òî çàäà÷à (1), (1a), (1b) èìååò åäèíñòâåííîå ðåøåíèå, åñëè äîïîëíèòåëüíî ïðåä-
ïîëîæèòü, ÷òî ôóíêöèè Fij(t, u), G

l
ijt, u) óäîâëåòâîðÿþò óñëîâèþ Ëèïùèöà ïî u ïðè l = 1, ...,m,

i, j = 1, ..., n [10]. Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ôóíêöèè Fij(t, u), G
l
ijt, u) óäîâëåòâîðÿþò
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óñëîâèþ Ëèïùèöà ïî u ïðè l = 1, ...,m, i, j = 1, ..., n. Îáîçíà÷èì ÷åðåç x(t, b, φ) � ðåøåíèå ñè-
ñòåìû (1), óäîâëåòâîðÿþùåå óñëîâèÿì (1a) è (1b), ò.å. x(t, b, φ) = φ ïðè t < 0 è x(0, b, φ) = b.
Î÷åâèäíî ïðè ýòîì, ÷òî x(., b, φ) ∈ Dn.

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (1) ãëîáàëüíî ýêñïîíåíöèàëüíî p�óñòîé÷èâà
(1 ≤ p < ∞), åñëè ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà K,λ òàêèå, ÷òî äëÿ ðåøåíèé x(t, b, φ) çàäà÷è
(1), (1a), (1b) âûïîëíåíî íåðàâåíñòâî

(E|x(t, b, φ)|p)1/p ≤ K exp{−λt}
(
||b||kn

p
+ vrai sup

t<0
(E|φ(t)|p)1/p

)
(t ∈ [0,∞)).

Ëåììà 2. Ïóñòü f(s) � ñêàëÿðíûé ñëó÷àéíûé ïðîöåññ, èíòåãðèðóåìûé ïî âèíåðîâñêîìó
ïðîöåññó B(s) íà îòðåçêå [0, t]. Òîãäà ñïðàâåäëèâî íåðàâåíñòâîE

∣∣∣∣∣∣
t∫

0

f(s)dB(s)

∣∣∣∣∣∣
2p


1/2p

≤ cp

E

 t∫
0

|f(s)|2d(s)

p1/2p

, (2)

ãäå cp � íåêîòîðîå ÷èñëî, çàâèñÿùåå îò p.
Ñïðàâåäëèâîñòü íåðàâåíñòâà (2) ñëåäóåò èç íåðàâåíñòâà 4 ðàáîòû [8] (ñòð. 65), ãäå ïðèâåäåíî

è êîíêðåòíîå âûðàæåíèå äëÿ cp.
Ëåììà 3. Ïóñòü g(s) � ñêàëÿðíàÿ ôóíêöèÿ íà [0,∞), êâàäðàò êîòîðîé ëîêàëüíî ñóììèðóåì,

f(s) � ñêàëÿðíûé ñëó÷àéíûé ïðîöåññ òàêîé, ÷òî sup
s≥0

(E|f(s)|2p)1/2p < ∞. Òîãäà ñïðàâåäëèâû

ñëåäóþùèå íåðàâåíñòâà

sup
t≥0

E

∣∣∣∣∣∣
t∫

0

g(s)f(s)ds

∣∣∣∣∣∣
2p


1/2p

≤ sup
t≥0

 t∫
0

|g(s)|ds

 sup
t≥0

(
E |f(s)|2p

)1/2p

, (3)

sup
t≥0

E

∣∣∣∣∣∣
t∫

0

(g(s))2(f(s))2ds

∣∣∣∣∣∣
p1/2p

≤ sup
t≥0

 t∫
0

(g(s))2ds

1/2

sup
t≥0

(
E |f(s)|2p

)1/2p

. (4)

Äîêàçàòåëüñòâî. Äîêàæåì òîëüêî íåðàâåíñòâî (3), òàê êàê íåðàâåíñòâî (4) äîêàçûâàåòñÿ
àíàëîãè÷íî. Èìååì

sup
t≥0

E

∣∣∣∣∣∣
t∫

0

g(s)f(s)ds

∣∣∣∣∣∣
2p


1/2p

≤ sup
t≥0

E

 t∫
0

|g(s)||f(s)|ds

2p


1/2p

≤

sup
t≥0

E

 t∫
0

|g(s)|(2p−1)/2p|g(s)|1/2p|f(s)|ds

2p


1/2p

≤

sup
t≥0

E


 t∫

0

|g(s)|ds

2p−1 t∫
0

|g(s)||f(s)|2pds


1/2p

 ≤

sup
t≥0


 t∫

0

|g(s)|ds

2p−1 t∫
0

|g(s)|E|f(s)|2pds


1/2p

≤ sup
t≥0

 t∫
0

|g(s)|ds

 sup
t≥0

(
E|f(s)|2p

)1/2p
.

3. Îñíîâíîé ðåçóëüòàò.
Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1−
A2

i τi +AiF̄iiτi + cpAi
√
τi

m∑
i=1

Ḡl
ii + F̄ii

āi
−

cp
m∑
l=1

Ḡl
ii

√
2āi

, i = 1, ..., n,

3



cij = −
AiF̄ijτi + cpAi

√
τi

m∑
i=1

Ḡl
ij + F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òåîðåìà. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (1) ãëîáàëüíî ýêñïîíåíöè-
àëüíî 2p�óñòîé÷èâà.

Äîêàçàòåëüñòâî. Ñèñòåìó (1) ñ óñëîâèÿìè (1a) çàïèøåì â ñëåäóþùåì âèäå

dx̄i(t) =

[
−ai(t)x̄i(hi(t)) +

n∑
j=1

Fij(t, x̄j(hij(t)) + φ̄j(hij(t)))− ai(t)φ̄i(hi(t))

]
dt+

m∑
l=1

[
n∑

j=1

Gl
ij(t, x̄j(h

l
ij(t)) + φ̄j(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n,

(5)

ãäå x̄i(t) � íåèçâåñòíûé ñêàëÿðíûé ñëó÷àéíûé ïðîöåññ íà (−∞, ,∞) òàêîé, ÷òî x̄i(t) = 0 ïðè
t < 0 è φ̄i(t) � èçâåñòíûé ñêàëÿðíûé ñëó÷àéíûé ïðîöåññ íà (−∞, ,∞) òàêîé, ÷òî φ̄i(t) = φi(t)
ïðè t ∈ [δ, 0]0 è φ̄i(t) = 0 ïðè t íå ïðèíàäëåæàùåì îòðåçêó [δ, 0]0 äëÿ i = 1, ..., n. Îáîçíà÷èì ÷åðåç
x̄(t, b, φ̄) ðåøåíèå ñèñòåìû (5), óäîâëåòâîðÿþùåå óñëîâèþ (1b). Î÷åâèäíî, ÷òî ðåøåíèå çàäà÷è (5),
(1b) ïðè t ≥ 0 ñîâïàäàåò ñ ðåøåíèåì çàäà÷è (1), (1a), (1b), ò.å. x(t, b, φ) = x̄(t, b, φ̄) ïðè t ≥ 0.

Åñëè â ñèñòåìå (5) ñäåëàòü çàìåíó x̄i(t) = exp{−λt}yi(t), ãäå yi(t) � íåèçâåñòíûé ñêàëÿðíûé
ñëó÷àéíûé ïðîöåññ íà (−∞, ,∞) òàêîé, ÷òî yi(t) = 0 ïðè t < 0, 0 < λ < min{âi, i = 1, ..., n} äëÿ
i = 1, ..., n, òî ïîëó÷èòñÿ óðàâíåíèå

dyi(t) = [λyi(t)− exp{λ(t− hi(t))}ai(t)yi(hi(t))+
n∑

j=1

exp{λt}Fij(t, exp{−λhij(t))}yj(hij(t)) + φ̄j(hij(t)))− exp{λt}ai(t)φ̄i(hi(t))

]
dt+

m∑
l=1

[
n∑

j=1

exp{λt}Gl
ij(t, exp{−λhl

ij(t))}yj(hl
ij(t)) + φ̄j(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(6)

Ïîëîæèâ ηi(t) = exp{λ(t− hi(t))}ai(t)− λ, ñèñòåìó (6) ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

dyi(t) =

[
−ηi(t)yi(t) + exp{λ(t− hi(t))}ai(t)

t∫
hi(t)

dyi(s)+

n∑
j=1

exp{λt}Fij(t, exp{−λhij(t))}yj(hij(t)) + φ̄j(hij(t)))− exp{λt}ai(t)φ̄i(hi(t))

]
dt+

m∑
l=1

[
n∑

j=1

exp{λt}Gl
ij(t, exp{−λhl

ij(t))}yj(hl
ij(t)) + φ̄j(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(7)

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ dyi(t) èç ïðàâîé ÷àñòè i�ãî óðàâíåíèÿ ñèñòåìû (6) â i�òîå óðàâ-
íåíèå ñèñòåìû (7) ïðè i = 1, ..., n, ïîëó÷èì

dyi(t) =

[
−ηi(t)yi(t) + exp{λ(t− hi(t))}ai(t)

t∫
hi(t)

{[λyi(s)− exp{λ(s− hi(s))}ai(s)yi(hi(s)) +

n∑
j=1

exp{λs}Fij(s, exp{−λhij(s))}yj(hij(s)) + φ̄j(hij(s))− exp{λs}ai(s)φ̄i(hi(s))

]
ds+

m∑
l=1

[
n∑

j=1

exp{λs}Gl
ij(s, exp{−λhl

ij(s))}yj(hl
ij(s)) + φ̄j(h

l
ij(s)))

]
dBl(s)}+

n∑
j=1

exp{λt}Fij(t, exp{−λhij(t))}yj(hij(t)) + φ̄j(hij(t)))− exp{λt}ai(t)φ̄i(hi(t))

]
dt+

m∑
l=1

[
n∑

j=1

exp{λt}Gl
ij(t, exp{−λhl

ij(t))}yj(hl
ij(t)) + φ̄j(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(8)
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Èç ñèñòåìû (8) ñ ó÷åòîì óñëîâèÿ (1b) ïîëó÷àåòñÿ óðàâíåíèå

yi(t) = exp

{
−

t∫
0

µi(s)ds

}
bi +

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λ(s− hi(s))}ai(s)

s∫
hi(s)

λyi(ζ)dζds−

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λ(s− hi(s))}ai(s)

s∫
hi(s)

exp{λ(ζ − hi(ζ))}ai(ζ)yi(hi(ζ))dζds+

n∑
j=1

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λ(s− hi(s))}ai(s)

s∫
hi(s)

exp{λζ}

Fij(ζ, exp{−λhij(ζ))}yj(hij(ζ)) + φ̄j(hij(ζ))dζds−
t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λ(s− hi(s))}ai(s)

s∫
hi(s)

exp{λζ}ai(ζ)φ̄i(hi(ζ))dζds+

m∑
l=1

[
n∑

j=1

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λ(s− hi(s))}ai(s)

s∫
hi(s)

exp{λζ}

Gl
ij(ζ, exp{−λhl

ij(ζ))}yj(hl
ij(ζ)) + φ̄j(h

l
ij(ζ)))dBl(ζ)ds+

n∑
j=1

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λs}Fij(s, exp{−λhij(s))}yj(hij(s)) + φ̄j(hij(s)))ds−

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λs}ai(s)φ̄i(hi(s))ds+

m∑
l=1

[
n∑

j=1

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
exp{λs}Gl

ij(s, exp{−λhl
ij(s))}yj(hl

ij(s)) + φ̄j(h
l
ij(s)))

]
dBl(s)

(t ≥ 0), i = 1, ..., n.

(9)

Â äàëüíåéøåì áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè ŷi = sup
t≥0

(
E|yi(t)|2p

)1/2p
, φ̂i = vrai sup

t<0

(
E|φi(t)|2p

)1/2p
,

||φ|| = vrai sup
t<0

(
E|φ(t)|2p

)1/2p
è íåðàâåíñòâàìè (2)�(4).

Èç óðàâíåíèÿ (9) ñ ó÷åòîì ïðåäûäóùèõ îáîçíà÷åíèé è íåðàâåíñòâ (2)�(4) ïîëó÷àåì

ŷi ≤ ||bi||k1
2p

+
[
λ exp{λτi}Aiτi + exp{2λ}A2

i τi
]
ŷi sup

t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

n∑
j=1

exp{λτi}AiτiF̄ij exp{λτij}(ŷj + φ̂j) sup
t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

exp{2λτi}A2
i τiφ̂i sup

t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

m∑
l=1

n∑
j=1

exp{λτi}Ai
√
τicp exp{λτ lij}Ḡl

ij(ŷj + φ̂j) sup
t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

n∑
j=1

exp{λτij}F̄ij(ŷj + φ̂j) sup
t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

exp{λτi}Aiφ̂i sup
t≥0

t∫
0

exp

{
−

t∫
s

µi(ζ)dζ

}
ds+

m∑
l=1

n∑
j=1

cp exp{λτ lij}Ḡl
ij(ŷj + φ̂j) sup

t≥0

(
t∫
0

exp

{
−2

t∫
s

µi(ζ)dζ

}
ds

)1/2

, i = 1, ..., n.

(10)

Òàê êàê

sup
t≥0

t∫
0

exp

−
t∫

s

µi(ζ)dζ

 ds = sup
t≥0

t∫
0

exp
−

t∫
s

µi(ζ)dζ

µi(s)

 /µi(s)ds ≤
1

āi − λ
, i = 1, ..., n

è

sup
t≥0

 t∫
0

exp

−2

t∫
s

µi(ζ)dζ

 ds

1/2

=

sup
t≥0

 t∫
0

exp
−2

t∫
s

µi(ζ)dζ

 2µi(s)

 /(2µi(s))ds

1/2

≤ 1√
2(āi − λ)

, i = 1, ..., n,
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òî èç îöåíîê (10) è ñ ó÷åòîì òîãî, ÷òî íîðìà â Rn âûáðàíà òàê, ÷òîáû φ̂j ≤ ||φ|| ïðè j = 1, ..., n,
ïîëó÷àåì

ŷi ≤ ||bi||k1
2p

+

[λ exp{λτi}Aiτi + exp{2λ}A2
i τi]ŷi +

n∑
j=1

exp{λτi}AiτiF̄ij exp{λτij}ŷj

āi − λ
+

m∑
l=1

n∑
j=1

exp{λτi}Ai
√
τicp exp{λτ lij}Ḡl

ij ŷj +
n∑

j=1

exp{λτij}F̄ij ŷj

āi − λ
+

m∑
l=1

n∑
j=1

cp exp{λτ lij}Ḡl
ij ŷj√

2(āi − λ)
+ (11)

Mi(λ)||φ||, i = 1, ..., n,

ãäå

Mi(λ) :=

n∑
j=1

exp{λτi}AiτiF̄ij exp{λτij}+ exp{2λτi}A2
i τi +

m∑
l=1

n∑
j=1

exp{λτi}Ai
√
τicp exp{λτ lij}Ḡl

ij

āi − λ
+

n∑
j=1

exp{λτij}F̄ij + exp{λτi}Ai

āi − λ
+

m∑
l=1

n∑
j=1

cp exp{λτ lij}Ḡl
ij√

2(āi − λ)
, i = 1, ..., n.

Îáîçíà÷èì òåïåðü y(t) = col(y1(t), ..., yn(t)), ȳ = col(ȳ1, ..., ȳn),M(λ) = col(M1(λ), ...,Mn(λ)) è
ïóñòü C(λ) = (cij(λ))

n
i,j=1 � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì:

cii = 1− λ exp{λτi}Aiτi + exp{2λ}A2
i τi + exp{λτi}AiτiF̄ii exp{λτii}
āi − λ

+

m∑
l=1

exp{λτi}Ai
√
τicp exp{λτ lii}Ḡl

ii + exp{λτii}F̄ii

āi − λ
+

m∑
l=1

cp exp{λτ lii}Ḡl
ii√

2(āi − λ)

cij = −exp{λτi}AiτiF̄ij exp{λτij}
āi − λ

+

m∑
l=1

exp{λτi}Ai
√
τicp exp{λτ lij}Ḡl

ij + exp{λτij}F̄ij

āi − λ
+

m∑
l=1

cp exp{λτ lij}Ḡl
ij√

2(āi − λ)
i, j = 1, ..., n, i ̸= j.

Òîãäà èç îöåíîê (11) ïîëó÷àåì

C(λ)ȳ ≤ ||b||kn
2p

+M(λ)||φ||. (12)

Î÷åâèäíî òàêæå, ÷òî C(0) = C. Â ñèëó óñëîâèé òåîðåìû ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, à
òîãäà ïðè äîñòàòî÷íî ìàëûõ λ ìàòðèöà C(λ) òàêæå ÿâëÿåòñÿ M�ìàòðèöåé, à çíà÷èò ñóùåñòâóåò
λ = λ0 òàêîå, ÷òî C(λ0) ïîëîæèòåëüíî îáðàòèìà. Òîãäà èç íåðàâåíñòâà (12) ïîëó÷àåì

|ȳ| ≤ K(||b||kn
2p

+ ||φ||), (13)

ãäå K = ||(C(λ0)
−1||max{1, |M(λ0)|}. Ñ

Ïîñêîëüêó x(t, b, φ) = exp{−λt}y(t) è sup
t≥0

(E|y(t))2p)1/2p ≤ |ȳ|, òî èç íåðàâåñòâà (13) ñëåäóåò,

÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà λ = λ0, K = ||(C(λ0)
−1||max{1, |M(λ0)|} òàêèå, ÷òî äëÿ

ðåøåíèÿ x(t, b, φ) çàäà÷è (1), (1a), (1b) âûïîëíåíî íåðàâåíñòâî

(E|x(t, b, φ)|p)1/p ≤ K exp{−λt}
(
||b||kn

p
+ vrai sup

t<0
(E|φ(t)|p)1/p

)
(t ∈ [0,∞)).

Ñëåäîâàòåëüíî, ñèñòåìà (1) ãëîáàëüíî ýêñïîíåíöèàëüíî p�óñòîé÷èâà.
Òåîðåìà äîêàçàíà.
4. Ñëåäñòâèÿ èç îñíîâíîãî ðåçóëüòàòà.
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Îòäåëüíî ðàññìîòðèì ñëó÷àé, êîãäà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî (1) ñîäåðæèò
òîëüêî âíåäèàãîíàëüíûå íåëèíåéíîñòè, ò.å. èìååò âèä

dxi(t) =

[
−ai(t)xi(hi(t)) +

n∑
j=1,i̸=j

Fij(t, xj(hij(t)))

]
dt+

m∑
l=1

[
n∑

j=1,i ̸=j

Gl
ij(t, xj(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(14)

Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1− A2
i τi
āi

, i = 1, ..., n,

cij = −
AiF̄ijτi + cpAi

√
τi

m∑
i=1

Ḡl
ij + F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òîãäà èç îñíîâíîé òåîðåìû ïîëó÷àåì
Ñëåäñòâèå 1. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (14) ãëîáàëüíî ýêñïî-

íåíöèàëüíî 2p�óñòîé÷èâà.
Ïóñòü òåïåðü â ëèíåéíîé ÷àñòè ñèñòåìû (1) îòñóòñòâóþò çàïàçäûâàíèÿ, ò.å. hi(t) = t ïðè

i = 1, ..., n. Ñèñòåìà òîãäà ïðèíèìàåò âèä

dxi(t) =

[
−ai(t)xi(t) +

n∑
j=1

Fij(t, xj(hij(t)))

]
dt+

m∑
l=1

[
n∑

j=1

Gl
ij(t, xj(h

l
ij(t)))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(15)

Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1− F̄ii

āi
−

cp
m∑
l=1

Ḡl
ii

√
2āi

, i = 1, ..., n, cij = − F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òîãäà èç îñíîâíîé òåîðåìû ïîëó÷àåì
Ñëåäñòâèå 2. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (15) ãëîáàëüíî ýêñïî-

íåíöèàëüíî 2p�óñòîé÷èâà.
Ïóñòü òåïåðü ñèñòåìà (1) ÿâëÿåòñÿ ëèíåéíîé, ò.å. èìååò âèä

dxi(t) =

[
−ai(t)xi(hi(t)) +

n∑
j=1

Fij(t)xj(hij(t))

]
dt+

m∑
l=1

[
n∑

j=1

Gl
ij(t)xj(h

l
ij(t))

]
dBl(t) (t ≥ 0), i = 1, ..., n,

(16)

ãäå äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî Fij � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, çàäàííàÿ íà [0,∞)
è òàêàÿ, ÷òî |Fij(t)| ≤ F̄ij (t ∈ [0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà
F̄ij ïðè i, j = 1, ..., n, à Gl

ij � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, çàäàííàÿ íà [0,∞) è òàêàÿ, ÷òî

|Gl
ij(t)| ≤ Ḡl

ij (t ∈ [0,∞)) µ�ïî÷òè âñþäó äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà Ḡl
ij ïðè l =

1, ...,m, i, j = 1, ..., n.
Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1−
A2

i τi +AiF̄iiτi + cpAi
√
τi

m∑
i=1

Ḡl
ii + F̄ii

āi
−

cp
m∑
l=1

Ḡl
ii

√
2āi

, i = 1, ..., n,

cij = −
AiF̄ijτi + cpAi

√
τi

m∑
i=1

Ḡl
ij + F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òîãäà èç îñíîâíîé òåîðåìû ïîëó÷àåì
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Ñëåäñòâèå 3. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (16) ãëîáàëüíî ýêñïî-
íåíöèàëüíî 2p�óñòîé÷èâà.

Ñëåäóþùèé ðåçóëüòàò ñïðàâåäëèâ äëÿ ñèñòåìû (16), èìåþùåé âèä

dxi(t) =

[
−ai(t)xi(hi(t)) +

n∑
j=1,i ̸=j

Fij(t)xj(hij(t))

]
dt+

m∑
l=1

[
n∑

j=1,i̸=j

Gl
ij(t)xj(h

l
ij(t))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(17)

Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1− A2
i τi
āi

−
cp

m∑
l=1

Ḡl
ii

√
2āi

, i = 1, ..., n,

cij = −
AiF̄ijτi + cpAi

√
τi

m∑
i=1

Ḡl
ij + F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òîãäà èç ñëåäñòâèÿ 3 âûâîäèì
Ñëåäñòâèå 4. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (17) ãëîáàëüíî ýêñïî-

íåíöèàëüíî 2p�óñòîé÷èâà.
Ñëåäóþùèé ÷àñòíûé ñëó÷àé ñèñòåìû (16) èìååò òàêîé âèä

dxi(t) =

[
−ai(t)xi(t) +

n∑
j=1

Fij(t)xj(hij(t))

]
dt+

m∑
l=1

[
n∑

j=1

Gl
ij(t)xj(h

l
ij(t))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(18)

Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1− F̄ii

āi
−

cp
m∑
l=1

Ḡl
ii

√
2āi

, i = 1, ..., n, cij = − F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Ïîâòîðíîå ïðèìåíåíèå ñëåäñòâèÿ 3 äàåò
Ñëåäñòâèå 5. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (18) ãëîáàëüíî ýêñïî-

íåíöèàëüíî 2p�óñòîé÷èâà.
Íàêîíåö, ðàññìîòðèì åùå îäèí âàæíûé ÷àñòíûé ñëó÷àé ñèñòåìû (16)

dxi(t) =

[
−ai(t)xi(t) +

n∑
j=1,i̸=j

Fij(t)xj(hij(t))

]
dt+

m∑
l=1

[
n∑

j=1,i̸=j

Gl
ij(t)xj(h

l
ij(t))

]
dBl(t) (t ≥ 0), i = 1, ..., n.

(19)

Ïóñòü C � n× n�ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäåëåíû ñëåäóþùèì îáðàçîì

cii = 1, i = 1, ..., n, cij = − F̄ij

āi
−

cp
m∑
l=1

Ḡl
ij

√
2āi

, i, j = 1, ..., n, i ̸= j.

Òîãäà èç ñëåäñòâèÿ 3 ïîëó÷àåì
Ñëåäñòâèå 6. Åñëè ìàòðèöà C ÿâëÿåòñÿ M�ìàòðèöåé, òî ñèñòåìà (19) ãëîáàëüíî ýêñïî-

íåíöèàëüíî 2p�óñòîé÷èâà.
Èçó÷èì òåïåðü ïîäðîáíåå ñèñòåìó (1) â äâóìåðíîì ñëó÷àå.
Ñëåäñòâèå 7. Ïóñòü â ñèñòåìå (1) n = 2 è âûïîëíåíû íåðàâåíñòâà

√
2(A2

1τ1 +A1F̄11τ1 + cpA1
√
τ1

m∑
i=1

Ḡl
11 + F̄11) +

√
ā1cp

m∑
l=1

Ḡl
11 <

√
2ā1,
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(
√
2ā1 −

√
2(A2

1τ1 +A1F̄11τ1 + cpA1
√
τ1

m∑
i=1

Ḡl
11 + F̄11)−

√
ā1cp

m∑
l=1

Ḡl
11)×

(
√
2ā2 −

√
2(A2

2τ2 +A2F̄22τ2 + cpA2
√
τ2

m∑
i=1

Ḡl
22 + F̄22)−

√
ā2cp

m∑
l=1

Ḡl
22) >

(
√
2(A1F̄12τ1 + cpA1

√
τ1

m∑
i=1

Ḡl
12 + F̄12) +

√
ā1cp

m∑
l=1

Ḡl
12)

(
√
2(A2F̄21τ2 + cpA2

√
τ2

m∑
i=1

Ḡl
21 + F̄21) +

√
ā2cp

m∑
l=1

Ḡl
21).

Òîãäà ñèñòåìà (1) ãëîáàëüíî ýêñïîíåíöèàëüíî 2p�óñòîé÷èâà.
Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ñëåäñòâèÿ 7 âîñïîëüçóåìñÿ îñíîâíîé òåîðåìîé. Â ïðåä-

ïîëîæåíèÿõ ñëåäñòâèÿ ìàòðèöà C ÿâëÿåòñÿ êâàäðàòíîé ìàòðèöåé ðàçìåðíîñòè 2× 2 ñ íåïîëîæè-
òåëüíûìè âíåäèàãîíàëüíûìè ýëåìåíòàìè. Òîãäà ââèäó îïðåäåëåíèÿ 1 îíà áóäåò M�ìàòðèöåé,
åñëè åå äèàãîíàëüíûå ìèíîðû ïîëîæèòåëüíû. Â íàøåì ñëó÷àå äèàãîíàëüíûìè ìèíîðàìè áóäóò
÷èñëî c11 è îïðåäåëèòåëü ìàòðèöû C, ðàâíûé c11c22 − c12c21. Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî
ïåðâîå íåðàâåíñòâî â ñëåäñòâèè 7 îáåñïå÷èâàåò óñëîâèå c11 > 0, òîãäà êàê âòîðîå íåðàâåíñòâî â
ñëåäñòâèè 7 äàåò ñîîòíîøåíèå c11c22 − c12c21 > 0.

Ñëåäñòâèå äàêàçàíî.
Èç ñëåäñòâèé 5 è 7 ïîëó÷àåì
Ñëåäñòâèå 8. Ïóñòü â ñèñòåìå (18) n = 2 è âûïîëíåíû íåðàâåíñòâà

√
2F̄11 +

√
ā1cp

m∑
l=1

Ḡl
11 <

√
2ā1,

(
√
2ā1 −

√
2F̄11 −

√
ā1cp

m∑
l=1

Ḡl
11)(

√
2ā2 −

√
2F̄22 −

√
ā2cp

m∑
l=1

Ḡl
22) >

(
√
2F̄12 +

√
ā1cp

m∑
l=1

Ḡl
12)(

√
2F21 +

√
ā2cp

m∑
l=1

Ḡl
21).

Òîãäà ñèñòåìà (18) ãëîáàëüíî ýêñïîíåíöèàëüíî 2p�óñòîé÷èâà.
È íàêîíåö, èç ñëåäñòâèé 6 è 8 ïîëó÷àåì
Ñëåäñòâèå 9. Ïóñòü â ñèñòåìå (19) n = 2 è âûïîëíåíû óñëîâèÿ

(
√
2F̄12 +

√
ā1cp

m∑
l=1

Ḡl
12)(

√
2F21 +

√
ā2cp

m∑
l=1

Ḡl
21) < 2ā1ā2.

Òîãäà ñèñòåìà (19) ãëîáàëüíî ýêñïîíåíöèàëüíî 2p�óñòîé÷èâà.
5. Ïðèìåð.
Ðàññìîòðèì ñèñòåìó äâóõ óðàâíåíèé ñëåäóþùåãî âèäà:

dx1(t) = [−a1x1(t− h1) + a11F11(x1(t− h11)) + a12F12(x2(t− h12))] dt+
[b11G11(x1(t− τ11)) + b12G12(x2(t− τ12))] dB(t) (t ≥ 0),

dx2(t) = [−a2x1(t− h2)) + a21F21(x1(t− h21)) + a22F22(x2(t− h22))] dt+
[b21G21(x1(t− τ21)) + b22G22(x2(t− τ22))] dB(t) (t ≥ 0),

(20)

ãäå a1, a2, hij , τij , aij , bij , i, j = 1, 2 � íåêîòîðûå ïîëîæèòåëüíûå ÷èñëà, Fij , Gij , i, j = 1, 2 � íåïðå-
ðûâíûå ñêàÿðíûå ôóíêöèè íà (−∞,+∞) òàêèå, ÷òî |Fij(u)| ≤ |u|, |Gij(u)| ≤ |u|, i, j = 1, 2, B �
ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ.

Èç ñëåäñòâèÿ 7 ïîëó÷àåì, ÷òî åñëè äëÿ ñèñòåìû (20) âûïîëíåíû íåðàâåíñòâà

√
2(a21h1 + a1a11h1 + cpa1

√
h1b11 + a11) +

√
a1cpb11 <

√
2a1,

(
√
2a1 −

√
2(a21h1 + a1a11h1 + cpa1

√
h1b11 + a11)−

√
a1cpb11)×

(
√
2a2 −

√
2(a22h2 + a2a22h2 + cpa2

√
h2b22 + a22)−

√
a2cpb22) >

(
√
2(a1a12h1 + cpa1

√
h1b12 + a12) +

√
a1cpb12)(

√
2(a2a21h2 + cpa2

√
h2b21 + a21) +

√
a2cpb21),

òî ñèñòåìû (20) áóäåò ãëîáàëüíî ýêñïîíåíöèàëüíî 2p�óñòîé÷èâîé.
Ïóñòü, äàëåå, â ñèñòåìå (20) aii, bii, i = 1, 2. Â ýòîì ñëó÷àå, âûïîëíåíèå íåðàâåíñòâ

a1h1 < 1,

(
√
2a1 −

√
2a21h1)(

√
2a2 −

√
2a22h2) >

(
√
2(a1a12h1 + cpa1

√
h1b12 + a12) +

√
a1cpb12)(

√
2(a2a21h2 + cpa2

√
h2b21 + a21) +

√
a2cpb21)
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äàåò ãëîáàëüíóþ ýêñïîíåíöèàëüíóþ 2p�óñòîé÷èâîñòü ñèñòåìû (20).
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öèàëüíûõ óðàâíåíèé Èòî ñ çàïàçäûâàíèÿìè //Äèôôåðåíö. óðàâíåíèÿ
Èññëåäóþòñÿ âîïðîñû ãëîáàëüíîé ýêñïîíåíöèàëüíîé p�óñòîé÷èâîñòè (2 ≤ p < ∞) ñèñòåì

íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ñ çàïàçäûâàíèÿìè ñïåöèàëüíîãî âèäà íà îñíîâå
òåîðèè ïîëîæèòåëüíî îáðàòèìûõ ìàòðèö. Äëÿ ýòîãî ïðèìåíÿþòñÿ èäåè è ìåòîäû, ðàçðàáîòàí-
íûå Í.Â.Àçáåëåâûì è åãî ó÷åíèêàìè äëÿ èññëåäîâàíèÿ âîïðîñîâ óñòîé÷èâîñòè äåòåðìèíèðîâàí-
íûõ ôóíêöèîíàëüíî�äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ ãëîáàëü-
íîé ýêñïîíåíöèàëüíîé p�óñòîé÷èâîñòè (2 ≤ p < ∞) ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé Èòî ñ çàïàçäûâàíèÿìè â òåðìèíàõ ïîëîæèòåëüíîé îáðàòèìîñòè ìàòðèö, ïîñòðîåííûõ ïî
èñõîäíîé ñèñòåìå. Ïðîâåðÿåòñÿ âûïîëíèìîñòü ýòèõ óñëîâèé äëÿ êîíêðåòíûõ óðàâíåíèé.

Áèáëèîãð. 10 íàçâ.
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