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Abstract. It is shown that the stochastic counterpart of the classical fixed point theorem for
continuous maps in a finite dimensional Euclidean space (“Brouwer’s theorem”) is not, in general,
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Introduction

The classical Brouwer fixed point theorem says that if V ⊂ Rn is closed, convex, bounded
and nonempty, then any continuous operator T : V → V has at least one fixed point. This
result is an important contribution to e. g. nonlinear functional analysis and its applications,
where it is used to justify the fixed point theory for compact operators (Schauder’s fixed point
theorem) and their generalizations (Sadovskii’s fixed point theorem [1] etc.). Existence problems
in the theory of stochastic equations can also be formulated using the fixed point framework
[2], [3]. However, there are several reasons why this framework cannot be based on Brouwer’s
theorem or its natural generalizations: the relevant spaces are not Banach, and even not locally
convex, and the relevant operators are far from being compact. At the same time, stochastic
operators possess some other generic properties, which may be of significance for the stochastic
analysis [3].

In this paper, we describe the class of operators that typically stem from stochastic equations
and discuss the assumptions on invariant sets that can be used in a potential fixed-point theorem
for these operators. The main result of the paper gives a nontrivial counterexample of a closed,
convex, bounded and nonempty subset, for which the stochastic Brouwer fixed point theorem,
formulated for the above class of nonlinear operators, is not valid.

1. Local operators

Let S = (Ω,F , P ) be a complete probability space, which means that a probability measure
P is defined on a σ -algebra F of subsets of a set Ω, and F contains all subsets of measure
0. Below, the abbreviation a.s. replaces the expression “almost surely”, i. e. almost everywhere
with respect to the measure P.

For a separable metric space X, the set P(X) consists of all equivalence classes [x] of
F -measurable functions x : Ω → X, also called random points in X. Equipped with the
topology of convergence in probability, P(X) becomes a complete topological vector space,
which is not locally convex even if X = Rn.

Let Ξ ⊂ P(Rn). We say that two equivalence classes [x], [y] ∈ Ξ coincide on a set A ⊂ Ω,

i. e. [x]|A = [y]|A, if x(ω) = y(ω) for almost all ω ∈ A for some representatives x ∈ [x] and
y ∈ [y]. Evidently, this definition is independent of the choice of the representatives x and y.

D e f i n i t i o n 1.1. Let Ξ ⊂ P(X). An operator h : Ξ → P(Y ), where Y is another
separable metric space, is called local if

[x]|A = [y]|A implies h[x]|A = h[y]|A

for any [x], [y] ∈ Ξ and A ⊂ Ω.

Notice that any local operator h can be naturally (but not uniquely) extended from the
set Ξ to the set of all representatives of the equivalence classes belonging to Ξ. Indeed, for
[x] ∈ Ξ we can put hx to be an arbitrary representative of the class h[x]. Clearly, such an
operator is well-defined. For this extension, the property of locality reads as follows:

x(ω) = y(ω) for ω ∈ A a.s. implies hx(ω) = hy(ω) for ω ∈ A a.s.

Conversely, if h, defined as a local operator on the set of all representatives of the equivalence
classes belonging to Ξ, is local, then it generates a unique local operator on the set Ξ because of



A COUNTEREXAMPLE TO THE STOCHASTIC BROUWER THEOREM 145

the property x1, x2 ∈ [x] implies h(x1) = h(x2) a.s. Therefore, we will in many cases disregard
the difference between the equivalence classes [x] and their particular representatives x writing
(somewhat unprecisely) x ∈ P(X) instead of [x] ∈ P(X).

A natural example of a local operator is given by the superposition operator

(hfx)(ω) = f(ω, x(ω)),

where f : Ω × X → Y is an (F ⊗ Bor(X);Bor(Y )) -measurable function and Bor(X) and
Bor(Y ) are the σ -algebras of all Borel subsets of the spaces X and Y, respectively. Due to the
above comment, the superposition operator can be regarded as a local operator on equivalence
classes hf : P(X)→ P(Y ).

It is well-known (see e. g. [4], [5]) that if f : Ω×X → Y is a Carathéodory function, i. e.
f(·, x) ∈ P(Y ) for all x ∈ X and f(ω, ·) : X → Y is continuous for almost all ω ∈ Ω, then
the superposition operator hf : P(X) → P(Y ) is continuous in probability, i. e. with respect
to the topologies of the spaces P(X) and P(Y ).

However, not any local and continuous operator can be represented as a superposition
operator generated by a Carathéodory function. The most famous example is the Itô integral [6],
[7]. Thus, the class of superposition operators generated by Carathéodory functions is too poor
for the theory of stochastic equations. On the other hand, stochastic integrals, superposition
operators, their compositions and limits possess the property of locality [8]. Therefore, it was
stated in the paper [3] that local and continuous in probability operators constitute a suitable
class for developing a fixed point theory for stochastic analysis. It was, in particular, shown
in [3] that there exists a stochastic version of Schauder’s fixed point theorem, which is valid
for certain local and continuous in probability operators. In the later publication [8] it was
demonstrated that this fixed point theorem can be successfully applied to various stochastic
differential and integral equations.

The proof of the stochastic counterpart of Schauder’s theorem was based in [3] on a fixed
point theorem for local operators in the spaces of finite dimensional random points P(Rn).

This “stochastic Brouwer fixed point theorem” was justified in [3] for special subsets of these
spaces, which was sufficient for many applications. However, some subsets naturally arising,
for instance, in Malliavin calculus [9] were not covered, so that the problem of describing more
general classes of invariant subsets of P(Rn), for which the stochastic Brouwer theorem is
valid, was still highly relevant for applications, but remained open.

The following question is, therefore, discussed in the present paper: let Ξ be a closed,
convex, bounded and nonempty subset of the set P(Rn) and h : Ξ → Ξ be a local and
continuous in probability operator. For what subsets Ξ ⊂ P(Rn) the equation hx = x has at
least one solution? We give some examples of subsets, for which this stochastic Brouwer fixed
point theorem holds true, but the central result of the paper states that it is, in general, false.

2. An example of a stochastic fixed point theorem

For some invariant subsets Ξ the answer to the above question is affirmative. To describe
this class, let us consider a random subset U : ω 7→ U(ω) of Rn with the measurable graph
GrU ≡ {(ω, U(ω)) ∈ Ω×Rn} ∈ F ⊗Bor(Rn). The set P(U) consists of all equivalence classes
[x] from P(Rn), for which there exists a representative x′ ∈ [x] such that x′(ω) ∈ U(ω) for all
ω ∈ Ω. If U(ω) ⊂ Rn is a.s. bounded, closed or convex, then P(U) is respectively bounded,
closed or convex in the space P(Rn). Recall that bounded subsets B of the space P(Rn) can



146 A. Ponosov

be described as follows: for any ε > 0 there is r > 0 such that P{ω ∈ Ω : |x(ω)| > r} < ε

for all x ∈ B.

Theorem 2.1. Suppose that U : Ω → Rn is a closed, convex, bounded and nonempty
random subset of Rn such that

GrU ∈ F ⊗Bor(Rn).

Let Ξ = P(U) and h : Ξ → Ξ be a continuous and local operator. Then h has at least one
fixed point in Ξ.

P r o o f. By the main result of the paper [5], there exists a Carathéodory function
f : GrU → Rn such that h = hf . Evidently, f(ω, ·) leaves the set U(ω) a.s. invariant.
By the deterministic Brouwer fixed point theorem, the set Fix(ω) consisting of all fixed points
xω ∈ U(ω) of the map f(ω, ·) : U(ω) → U(ω) is a.s. nonempty. On the other hand, the
function F (ω, x) = f(ω, x) − x is Carathéodory and hence F ⊗ Bor(Rn) -measurable [10].
Therefore,

{(ω, F ix(ω)) : ω ∈ Ω} = G−1(0) ∈ F ⊗Bor(Rn)

and by the measurable selection theorem [10] there exists a F -measurable function x(ω) ∈
U(ω), i. e. a random point x ∈ P(U), such that x(ω) ∈ Fix(ω) a.s. By construction, hx =

hfx = x a.s., so that the equivalence class of x is a fixed point of the operator h.

R e m a r k 2.1. The most difficult part of the above proof is to justify the existence of a
Carathéodory function f. This result is known as the generalized Nemytskii conjecture [5]. The
conjecture itself says [11] that if a superposition operator hg : P(Rn)→P(Rm) is continuous in
probability, then g must satisfy the Carathéodory conditions. This conjecture is, unfortunately,
not true in this formulation, but as it shown in [5], there always exists a Carathéodory function
f such that hf = hg, and this result can be also extended to arbitrary local, continuous in
probability operators and arbitrary separable metric spaces. The proof offered in [5] was based
on projective approximations of metric spaces by topological T0 -spaces with finitely many
points. An alternative proof for the simpler case of Y = Rn and separable Banach spaces X
can be found in the later publication [12]. This proof utilized special variational techniques.

R e m a r k 2.2. Theorem 2.1 can be extended to some more general convex, closed and
bounded subsets of the space P(Rn) that are relevant for stochastic analysis, see the paper [3]
for details. However, the theorem in the next section shows that the stochastic Brouwer fixed
point theorem for local operators is, in general, not valid for arbitrary closed, convex, bounded
and nonempty subsets consisting of random points in finite dimensional spaces.

3. The counterexample

The proof of the main result of this section is based on a technical lemma.

Lemma 3.1. Let

(Ω,F , P ) = (Ω1 × Ω2,F1 ⊗F2, P (1) ⊗ P (2))

be the product of two complete probability spaces and let ∆ ∈ F1 ⊗ F2 have the property
P (2)(∆(ω1)) and P (1)(∆(ω2)) is 0 or 1 for almost all ω1 ∈ Ω1 and ω2 ∈ Ω2, respectively.

Then (P (1) ⊗ P (2))(∆) = 0 or 1.

Here ∆(ω1) = {ω2 ∈ Ω2 : (ω1, ω2) ∈ ∆} and ∆(ω2) = {ω1 ∈ Ω1 : (ω1, ω2) ∈ ∆}.
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P r o o f. Denoting P = P (1) ⊗ P (2) we define

∆1 = {ω1 ∈ Ω1 : P (2)(∆(ω1)) > 0} ∈ F1 and ∆2 = {ω2 ∈ Ω2 : P (1)(∆(ω2)) > 0} ∈ F2.

Then by the assumptions,

∆1 = {ω1 ∈ Ω1 : P (2)(∆(ω1)) = 1} and ∆2 = {ω2 ∈ Ω2 : P (1)(∆(ω2)) = 1}

and by Fubini’s theorem P∆ =
∫

∆1
P (2)(∆(ω1))dP (1) = P (1)(∆1), and similarly, P∆ =

P (2)(∆2). On the other hand,

P (∆−(∆1×∆2)) = P (∆−((∆1×Ω2)∪(Ω1×∆2))) ≤ P (∆−(∆1×Ω2))+P (∆−(Ω1×∆2)) = 0,

so that P (∆) ≤ P (∆1 ×∆2) = P (∆1)P (∆2) = (P (∆))2. Hence P (∆) = 0 or 1.

Theorem 3.1. There exists a closed, convex, bounded and nonempty subset Ξ of the space
P(R2) and a local and continuous in probability operator h : Ξ → Ξ such that the equation
hx = x has no solutions.

P r o o f. The proof of the theorem consists of two parts. In the first part, we define the set
Ξ and describe its properties, while the operator h will be constructed in the second part.

Part 1. Let C be the set of all complex numbers, D = {z ∈ C : |z| < a}, where a = π−0.5,

so that the area of the circle is 1. Define Ωk =
∏k

i=1 Di and Ωk =
∏∞

i=k+1Di, where Di = D

( i ≥ 1 ), Pk =
⊗k

i=1 µi and P k =
⊗∞

i=k+1 µi, where µi is the Lebesgue measure on Di. For
brevity, we denote

Ω = Ω0 =
∞∏
i=1

Di, P = P 0 =
∞⊗
i=1

µi

and let F be the completion of the Borel σ -algebra on Ω with respect to P. This gives a
complete probability space (Ω,F , P ).

We will construct Ξ as a subset of the space P(C), which can be identified with the space
P(R2).

Let E be the expectation, i. e. the integral with respect to the measure P. Consider the
set L2 ⊂ P(C) consisting of all square-integrable complex functions. The topology in L2 is
induced by the inner product 〈x, y〉 = Exȳ. The set Ξ is defined to consist of all functions
x ∈ P(C) that a.s. take their values in the closure D̄ of the set D and satisfy the following
property: for every k ∈ N and every zk ∈ Ωk the function x(·, zk) is holomorphic on Ωk. We
shall prove three following properties of the set Ξ :

1. Ξ is a closed, convex, bounded and nonempty subset of P(C);

2. Ξ is noncompact;
3. if x, y ∈ Ξ, then P{x = y} = 0 or 1.

Proof of Property (1). The set Ξ is by construction convex and bounded in P(C), the function
x(ω) = x(z1, z

1) = z1 ( z1 ∈ Ω1, z
1 ∈ Ω1 ) belongs to Ξ, so that Ξ 6= ∅. Let us prove that Ξ

is closed in P(C). Pick a sequence {xn} ⊂ Ξ, xn → x in probability. Using an appropriate
subsequence we may assume, without loss of generality, that xn(ω)→ x(ω) on a set A of full
measure (PA = 1 ). Let k ∈ N be an arbitrary number. Let A(zk) = {zk ∈ Ωk : (zk, z

k) ∈ A}.
By Fubini’s theorem, the set Ω̂k, which consists of all zk ∈ Ωk such that PkA(zk) = 1, has
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measure 1. Taking an arbitrary zk ∈ Ω̂k, let us consider the k -dimensional torus Γρ =∏k
i=1 γρi , where ρ = (ρ1, ..., ρk), ρi < a and γρi = {z ∈ C : |z| = ρi}. Let ν be the

Lebesgue measure on Γρ. Using again Fubini’s theorem yields a set of ρ ∈ [0, a) × ... × [0, a)

of full Lebesgue measure, where νΓρ = ν(Γρ ∩ A(zk)). In particular, there exists a sequence
ρm → (a, ..., a) such that

ν(Γρm) = ν(Γρm ∩ A(zk)). (3.1)

By construction, xn(·, zk)→ x(·, zk) ν -almost everywhere on each Γρm .

Consider the integral

(2πi)−k
∫

Γρm

x(ξ1, .., , ξk, z
k)

k∏
i=1

(ξi − ηi)dξ ≡ ϕm(η1, ..., ηk). (3.2)

The integral exists for any zk = (η1, ..., ηk) where |ηi| < ρmi ( i = 1, ..., k, m ∈ N ) and
ρm = (ρm1 , ..., ρ

m
k ), as the integrand is bounded and measurable. By Hartogs’ theorem [13], the

functions ϕm(η1, ..., ηk) (m ∈ N ) are holomorphic, i. e. complex differentiable, at these points,
because they are holomorphic in each variable zi :

1
δηi

(ϕm(η1, ..., ηi + δηi, ..., ηk)− ϕm(η1, ..., ηi, ..., ηk))

=
∫

Γρm
y(ξ1, ..., ξk, η1, ..., ηk) ((ξi − ηi − δηi)−1 − (ξi − ηi)−1) dξ

=
∫
γρm
i

((ξi − ηi − δηi)−1 − (ξi − ηi)−1) dξi
∫∏

j 6=i γρmj
y(ξ1, ..., ξk, η1, ..., ηk)dξ1....dξi−1dξi+1...dξk

≤ C max
s∈γρm

i

|δηi|
|s−ηi−δηi||s−ηi| = o(|δηi|),

,

for small |δηi| satisfying |ηi + δηi| ≤ b < ρmi . Here

y(ξ1, ..., ξk, η1, ..., ηk) = x(ξ1, .., , ξk, z
k)

k∏
j 6=i

(ξj − ηj)

is a bounded function on Γρm .

On the other hand, for every zk ∈ Ω̂k the functions xn(·, zk) are holomorphic, so that
applying the multivariate Cauchy formula and the Lebesgue convergence theorem yield

xn(zk, z
k) = (2πi)−k

∫
Γρm

xn(ξ1, .., , ξk, z
k)
∏k

i=1(ξi − ηi)dξ ≡ ϕm(η1, ..., ηk)

→ (2πi)−k
∫

Γρm
x(ξ1, .., , ξk, z

k)
∏k

i=1(ξi − ηi)dξ ≡ ϕm(η1, ..., ηk) = ϕm(zk) as n→∞

for each m ∈ N and each zk = (η1, ..., ηk) ( |ηi| < ρmi ( i = 1, ..., k ). Therefore, x(zk, z
k) =

ϕm(zk) for almost all zk ∈ Wm
k ≡ {(η1, ..., ηk) : |ηi| < ρmi , i = 1, ..., k and all zk ∈ Ω̂k, so that

x(·, zk) is holomorphic on any open set Wm
k and hence on the set Ωk, because by construction,⋂∞

m=1W
m
k = Ωk. As k ∈ N is arbitrary, we have proven that x ∈ Ξ, so that Ξ is closed in

P(C).

Proof of Property (2). Consider the functions xk(ω) = x(zk, z
k) = x(η1, ..., ηk, z

k) = ηk (here
zk = (η1, ..., ηk) ). Clearly, xk ∈ Ξ. On the other hand, 〈xk, xl〉=Eηkη̄l=

∫
Dk
ηkdµk

∫
Dk
η̄ldµl=0

if k 6= l, because∫
Dk

ηkdµk =

∫
D

(u+ iv)dudv =

∫ 2π

0

dθ

∫ a

0

r2(cos θ + i sin θ)dr = 0.
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On the other hand, for all k ∈ N

〈xk, xk〉 = Eηkη̄k =

∫
D

(u2 + v2)dudv =

∫ 2π

0

dθ

∫ a

0

r3dr = (2π)−1,

so that ‖xk − xl‖L2 = π−1, k 6= l and the sequence {xk} is not compact in the L2 -topology
of the set Ξ. But |x| ≤ a a.s. for all x ∈ Ξ. Therefore, the L2 -topology and the topology of
P(C) are equivalent on Ξ, so that Ξ is not compact in the latter topology as well.

Proof of Property (3). It is sufficient to check that for any x ∈ Ξ, the measure of the set
Γ = {ω ∈ Ω : x(ω) = 0} is either 0 or 1. Assume, on the contrary, that 0 < PΓ < 1. By
definition of the measure P as the product of linear Lebesgue measures, there always exist
k ∈ N and a Borel subset B ⊂ Ωk such that Γ ⊂ B ⊂ Ωk up to a 0 -measure set and
P (B × Ωk − Γ) < 1

2
PΓ. Let y = xIΩ−B ∈ Ξ. By construction, {ω ∈ Ω : y(ω) = 0} = B ⊂ Ωk

up to a 0 -measure set and 0 < P (B) < 1. Without loss of generality we may assume that y
is holomorphic in zk. In particular, y is holomorphic in each ηi on the set Di = D, where
zk = (η1, ..., ηk). Therefore the Lebesgue measure of the set {ηi : zk ∈ B} is either 0 or 1 for
any (η1, ..., ηi−1, ηi+1, ..., ηk) ∈

∏
j 6=iDi.

Now, Property (3) follows from the induction argument and Lemma 3.1.
To conclude the first part of the proof, let us notice that any map defined on Ξ will be

local due to property (3). Hence any continuous map h : Ξ→ Ξ without a fixed point would
satisfy all the assumptions of Theorem 3.1. This map will be constructed in

Part 2. Let us consider the polygonal chain P connecting the consecutive points xn ∈ Ξ,

which where defined in the course of the proof of Property (2). The set C is the union of the
line segments In ≡ [xn, xn+1] = {y ∈ Ξ : y = αxn + (1− α)xn+1, 0 ≤ α ≤ 1}. Assume that a
sequence {yν} ⊂ C converges to some y ∈ Ξ. As it has been mentioned, this is, in fact, the L2 -
convergence, i. e. E|yν−y|2 → 0 if ν →∞. We claim that there exists n ∈ N such that yν ∈ In
for sufficiently large ν. To prove it we notice that if m > n and u = αxn + (1− α)xn+1 ∈ In
and v = βxm + (1− β)xm+1 ∈ Im for some α, β ∈ [0, 1], then

E|u− v|2 = (2π)−1 (α2 + β2 + (1− α)2 + (1− β)2) ≥ (2π)−1 if m− n ≥ 2,

E|u− v|2 = (2π)−1 (α2 + β2 + (1− α− β)2 ≥ π−1) if m− n = 1,

due to orthogonality of xn and the equality E|xn|2 = (2π)−1. Therefore, if for some ν0 ∈ N
we have E|yν − yν0|2 < π−1 for all ν ≥ ν0 and yν0 ∈ In, then yν ∈ In as well for all ν ≥ ν0.

As each In compact, it implies that y ∈ C, so that C is a closed subset of Ξ. On the
other hand, the map η : C → [0,∞) defined on each In by η(αxn + (1 − α)xn+1) = n − α
is a bijection, because In ∩ Im = ∅ if |m − n| ≥ 2 and In ∩ In+1 = xn for all n ∈ N. Let
yν → y in C. Then there exists n such that yν = ανxn + (1 − αν)xn+1 for sufficiently large
ν and y = αxn + (1 − α)xn+1, where α = lim

ν→∞
αν . Therefore, η(yν) = n − αν converges to

η(y) = n − α. Conversly, if η(yν) converges to η(y) ∈ In, then η(yν) ∈ In for sufficiently
large ν. Therefore, η(yν) = n − αν and η(y) = n − α, so that α = lim

ν→∞
αν and hence

yν = ανxn + (1 − αν)xn+1 → y = αxn + (1 − α)xn+1 as ν → ∞. We have proven that
η : C → [0,∞) is a bijective homeomorphism.

The continuous map h0 : x 7→ x + 1 on [0,∞) has no fixed points. Topologically, the
set [0,∞) is an absolute retract [14]. As its homeomorphic image C is closed in the metric
space Ξ, there exists a retraction τ : Ξ→ C, i. e. a continuous map, for which τ(x) = x for
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all x ∈ C. Put h = η−1h0ητ : Ξ → C ⊂ Ξ. This map is continuous in the L2 -topology and
hence in the topology of the space P(C). On the other hand, if hx = x, then x ∈ C, so that
h0(η(x)) = η(x), where η(x) ∈ [0,∞), which cannot be the case. Therefore, the continuous
operator h : Ξ→ Ξ has no fixed points.

4. Conclusion

We have constructed a closed, convex, bounded and nonempty subset Ξ of the space P(R2)

and a local and continuous in probability operator h : Ξ→ Ξ, which has no fixed points. This
provides a counterexample to what we called “the stochastic Brouwer fixed point theorem”. The
result means that a careful description of invariant subsets is needed in this theorem.
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