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Summary

This thesis is concerned with modelling and control of kinematically complex robotic
systems.

The thesis is divided into four main parts. Part I is concerned with a large class of
robotic systems, namely vehicle-manipulator systems. One application of such systems
is teleoperation in a distant environment. We are mainly concerned with efficient and
intuitive teleoperation of vehicle-manipulator systems. The main contribution of this
part is a control allocation approach to teleoperation which results is smoother and more
efficient control, as well as faster and more intuitive operation.

Part II deals with robotics-assisted minimally invasive surgery (RAMIS). Specifically
we address the constraints imposed by the entry point of RAMIS, which are commonly
referred to as the Remote Center of Motion (RCM). The manipulator kinematics with
velocity constraints are presented analytically.

In Part III, we present a detailed study on the effects of passive joints on manipu-
lators. Both serial and parallel manipulators are investigated. We find that, for serial
manipulators, we can deal with passive joints in controller while we have to consider the
effects of the passive joints in the design of parallel manipulators.

In Part IV, we propose a new agricultural platform that is developed by our group.
CAN and CANopen have been implemented, which makes the robot very versatile. It
also makes it easy to expand and adapt the robot for many different applications.
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Sammendrag

Denne oppgaven omhandler modellering og regulering av roboter med komplekse kine-
matiske strukturer. Oppgaven er delt inn i fire hoveddeler.

Del I omhandler en stor gruppe robotsystemer kalt kjøretøy-manipulator systemer.
En anvendelse av slike systemer er fjernstyring. Vi er først og fremst interessert i effektiv
og intuitiv fjernstyring av kjøretøy-manipulator systemer. Det største bidraget i denne
delen er en «control allocation» tilnærming til fjernstyring som resulterer i en jevnere
og mer effektiv regulering av roboten, så vel som raskere og mer intuitiv styring.

Del II omhandler robotisert kikkhullskirurgi (RAMIS). Vi adresserer spesifikt de
kinematiske begrensninger som følger av RAMIS, som er ofte referert til som «Remote
Center of Motion» (RCM). Manipulatorens kinematikk med hastighetsbegrensninger
presenteres analytisk.

I del III presenterer vi en detaljert studie av effekten av passive robotledd. Både
manipulatorarmer og parallelle strukturer blir undersøkt. Vi konkluderer at for ma-
nipulatorarmer kan vi håndtere passive ledd i styringssystemet, mens vi må håndtere
virkningene av passive ledd i designet av parallelle manipulatorer.

I del IV foreslår vi en ny landbruksplattform som er utviklet av vår forskergruppe.
CAN og CANopen er implementert, noe som gjør roboten veldig allsidig. Det gjør det
også enkelt å utvide og tilpasse roboten for mange forskjellige bruksområder.
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Chapter 1

Introduction

1.1 Kinematically Complex Robotic Systems
Robots take many different forms. Some common examples are serial manipulators,
parallel manipulators, mobile vehicles and mobile manipulators. The main groups of
robots can be characterized by different kinematic structures. Kinematics thus represent
one of the fundamental problems in robotics and is the starting point of all modelling
and controller-design of any robot.

All of the platforms discussed in this thesis have very different kinematics and thus
require different approaches to modelling and control. In this thesis we therefore discuss
several topics on modelling and control of robots with different kinematic structures, and
in particular robots that have complex kinematics that are challenging from a modelling
and control point of view.

1.1.1 Robotics
Robotics has a long development history. The first industrial robot was Unimate,
(Fig. 1.1a), a serial manipulator that was created by George Devol. It worked on a
General Motors assembly line at the Inland Fisher Guide Plant in Ewing Township,
New Jersey, in 1961 (Nof [1999]). A serial manipulator is an open-loop kinematic chain
that consists of a sequence of rigid bodies (links) connected by joints. A serial manipu-
lator is normally a link between a fixed base and an end effector tool. In general, a serial
manipulator needs 6 degree of freedom to control both the position and orientation of
its end effector in the three-dimensional space (Siciliano and Khatib [2008]).

Another important class of robots is parallel manipulators. A parallel manipulator
is a closed-loop mechanism that contains an end effector, a fixed base and at least two
kinematic chains connecting the end effector and the base (Siciliano and Khatib [2008]).
One of the best known parallel manipulators is formed from six linear actuators that
support a movable base for devices such as flight simulators, Fig. 1.2a. It was suggested
by Stewart (Merlet [2012]).

An important branch in robotics is mobile robots that can move freely in an environ-
ment (From et al. [2014a]). One early mobile robot is Shakey, Fig. 1.3a, which, starting
in 1966, was developed by Charlie Rosen’s group at the Stanford Research Institute

1
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(a) The Unimate robot is a serial manipu-
lator. It weights about two tons. The Uni-
mate feature up to six fully programmable
axes of motion. Courtesy of GE.

(b) The IRB 140 ABB serial manipulator
is a six axes multipurpose industrial robot
and handles a payload of 6kg with a reach
of 810mm. Courtesy of ABB.

Figure 1.1: Two examples of serial manipulators

(a) The Stewart platform has six prismatic
actuators. Devices placed on the top plate
can be moved in the six degrees of freedom.
Courtesy of Wikipedia.

(b) The ABB’s IRB 360 FlexPicker is a
high speed robotic picking and packing
technology. Courtesy of ABB.

Figure 1.2: Two examples of parallel manipulators

(now called SRI). Shakey was the first mobile robot to reason about its actions. It
used programs that gave it the ability for independent perception, world modeling, and
action generation (Siciliano and Khatib [2008]). Recently mobile robots have become
more common place in commercial and industrial settings.

To combine the advantages of mobile platforms and robotic manipulator arms and
reduce their drawbacks, we have mobile manipulators that are robot systems built from
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(a) The Shakey robot from SRI. It had a
TV camera, a triangulating range finder,
and bump sensors, and was connected to
DEC PDP-10 and PDP-15 computers via
radio and video links. Courtesy of SRI In-
ternational.

(b) The BigDog is a rough-terrain robot
from Boston Dynamics that walks, runs,
climbs and carries heavy loads. BigDog
is powered by an engine that drives a
hydraulic actuation system. Courtesy of
Boston Dynamic.

Figure 1.3: Two examples of mobile manipulators

a robotic manipulator arm mounted on a mobile platform. An example of mobile ma-
nipulator is PR2, Fig. 1.4a, that is build by Willow Garage.

1.1.2 Methods
In this section, we review the fundamental concepts of kinematics, Lie groups, config-
uration spaces, frames and finally kinematic modelling. Parts of this section is taken
from From et al. [2014a].

1.1.2.1 Lie Groups

The kinematics of a mechanical system, such as a rigid body or a robotic manipulator,
can be derived globally in terms of Lie groups and Lie algebra structures. More specifi-
cally, an element of the Lie group corresponds to a configuration of the mechanism while
the velocity can be expressed as an element of the Lie algebra.

Formally, we can define a group G by identifying four important properties on the
elements g1, g2, g3 ∈ G given a group operation o:

Property 1.1 (Closure) A set G is closed under the group operation o if for all g1, g2 ∈ G,
then g1 o g2 ∈ G.
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(a) The PR2 robot from Willow Garage.
It has two 7-DOF arms mounted on an
omnidirectional base. Courtesy of Willow
Garage.

(b) The Kuka mobile manipulator consists
of a five degree of freedom arm and an om-
nidirectional mobile platform. Courtesy of
Kuka.

Figure 1.4: Two examples of mobile manipulators

Property 1.2 (Identity) A set G has an identity element if it is possible to find an element
e ∈ G such that g o e = e o g = g for every g ∈ G.

Property 1.3 (Inverse) A set G is invertible if for each g ∈ G, there exists a unique
inverse g−1 ∈ G such that g o g−1 = g−1 o g = e.

Property 1.4 (Associativity) A set G is called associative if for all g1, g2, g3 ∈ G, then
(g1 o g2) o g3 = g1 o (g2 o g3).

Based on these properties we can formally define a group as:

Definition 1.1. (Group) A set G with elements g1, g2, g3 ∈ G together with a binary
operation o, is called a group if it satisfies Property 1.1-Property 1.4 above.

In robotics we are mainly interested in sets that are manifolds. A manifold is a
smooth and in general curved surface embedded in the Euclidean space. We first need
to define topological space.

Definition 1.2. (Topological space) A setM is called a topological space if there exists
a collection of open subsets ofM for which the following axioms hold:

1. The union of a countable number of open sets is an open set.

2. The intersection of a finite number of open sets is an open set.

3. BothM and O are open sets.
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A manifold is defined in the following way:
Definition 1.3. (Manifold) A topological space is a manifold if for every x ∈M, there
exists an open set U ∈M such that

1. x ∈M,

2. U is homeomorphic to Rn,

3. n is fixed for all x ∈M.
Further we want these manifolds to be differentiable, i.e., manifolds that can be rep-

resented by several coordinate charts and can be patched together in a smooth manner.
We have the definition of Lie groups:
Definition 1.4. (Lie Group) A Lie Group is a group G which is also a smooth manifold
and for which the group operation and the inverse are smooth mappings.

1.1.2.2 Some Important Lie Groups

There are several examples of Lie groups, many of which are widely used in robotics.

The Euclidean Space The Euclidean space Rn with addition as the group operator is
a group. Given two elements x = [x1 x2 · · · xn]T ∈ Rn and y = [y1 y2 · · · yn]T ∈ Rn

the group operation is given by

x o y =




x1 + y1
x2 + y2

...
xn + yn



∈ Rn (1.1)

and the inverse of an element is given by

x−1 =




−x1
−x2
...
−xn



∈ Rn . (1.2)

In robotics, it presents the motion of a prismatic robotic joint with n = 1; if we
choose n = 2 we get the group of linear transformations in the plane; and if we choose
n = 3 we get the group of linear transformations in the 3-dimensional Euclidean space.

The General Linear Group The general linear group of order n consists of all
n× n nonsingular real matrices and is denoted GL(n,R). The manifold of GL(n,R) is
thus an open subset of Rn×n defined by all matrices in Rn×n except the ones that have
determinant equal zero. The identity element is given by the n× n identity matrix and
Property 1.2 is satisfied. As we restrict ourselves to nonsingular matrices the inverse
always exists and is given by the matrix inverse. Note that Property 1.3 requires all
matrix groups to be subgroups of GL(n,R), i.e., that the inverse exists. As a result a
matrix group of n× n matrices is always a subgroup of GL(n,R).
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The Special Orthogonal Group The special orthogonal group is a subgroup of the
orthogonal group defined as

SO(n) = R ∈ GL(n,R)|RTR = I, det(R) = +1. (1.3)

The special orthogonal group SO(n) consists of all elements with determinant +1.
An element of the special orthogonal group of dimension 3 is a rotation matrix and can
be interpreted as pure rotational motion of a rigid body. As RTR = I we can conclude
that the inverse of an element R is the same as the transpose, i.e., R−1 = RT .

This is the group of rotations in the plane with n = 2. With n = 3, it presents the
rotation motion in the 3-dimensional Euclidean space.

The Special Euclidean Group The special Euclidean group SE(n) is the group of
rigid body transformations on Rn. We are especially interested in the special Euclidean
group that acts on R3, denoted SE(3). This is the set of rigid body transformations on
R3 defined as the set of mappings g : R3 → R3 given by g(x) = Rx+p where R ∈ SO(3)
and p ∈ R3. The matrix representation of SE(3) is typically given as

g =
[
R p

0 1

]
. (1.4)

This presents both the translation with p ∈ R3 and the rotation with R ∈ SO(3) of a
rigid body.

1.1.2.3 Configuration Spaces

The configuration of a rigid body can be described by the positions of all the point
masses that are part of the body. The positions of three fixed non-collinear points of
the body are enough to determine the positions of all the other points. This lemma
taken from Duindam [2006]

Lemma 1.1. The space of all possible configurations of a rigid body in three dimensional
space, relative to some reference frame, is the six-dimensional space SE(3), which is
topologically equivalent to the set R1 × R1 × R1 × S2 × S1.

Proof: Suppose we have a rigid object with three non-collinear reference points on
it. For the first point, p1, we can put it freely in space so there are three degrees of
freedom, R3. Because three point are on a rigid body so the distance between them are
constant. The second point, p2, have to be on a sphere with the center p1 so there are
two degrees of freedom, S2. For the last point must be both on a sphere with the center
p1 and a sphere with the center p2. There is only one degree of freedom in positioning
the last point, S1, (Duindam [2006]).

1.1.2.4 Reference Frames

A reference frame is a collection of points for which the distance between any two points
is constant at all times. There are two types of reference frames:
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• Inertial reference frames: This is chosen such that its points can be used as a
reference for all other reference frames. An inertial reference frame is one whose
points do not accelerate.

• Non-inertial reference frames: These can be attached on each rigid body in the
system. These reference frames will then accelerate with respect to the inertial
frame and are thus non-inertial. We will use these reference frames to observe the
motion of each rigid body relative to the inertial frame.

O

x

y

z

Figure 1.5: A reference frame

In a robotic system, we usually choose an inertial reference frame that is fixed, and
several non-inertial reference frames that are attached to the robot.

1.1.2.5 Kinematics

The configuration of a rigid body in the three-dimensional space has six degrees of
freedom (DoF) and can be presented as a vector in R6. The position variables of a rigid
body can be presented as a vector:

η =




x0b
y0b
z0b
φ

θ

ψ




. (1.5)

The configuration state can also be presented in matrix form in SE(3):

g0b =
[
R0b p0b
0 1

]
∈ R4×4, (1.6)

with rotation matrix R0b ∈ SO(3) and translation vector p0b ∈ R3.
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We just consider manipulators with 1-DoF joints, we denote by qi the joint position
of joint i. For a manipulator that has n joints, we have:

q =




q1
q2
...
qn



. (1.7)

For a mobile manipulator system, the configuration can be presented by:

ξ =
[
η

q

]
, (1.8)

where η is taken from (1.5) and represents the position of the vehicle and q is taken
from (1.7) and gives the position of the manipulator arm.

The forward kinematics map of a manipulator gives the transformation from the
base frame F0, inertially fixed to the base of the robot, to the end-effector frame Fe, a
non-inertial frame that is attached to the end effector, (From et al. [2014a]), and can be
represented by

g0e =
[
R0e p0e
0 1

]
∈ R4×4, (1.9)

where R0e ∈ SO(3) and p0e ∈ R3.
The body velocity V B

0e is the end-effector velocity as seen from the end-effector frame
Fe

V B
0e =

[
vB0e
ωB0e

]
, (1.10)

where the linear part vB0e and the rotational part ωB0e are the linear velocity and the
angular velocity of the body frame Fe in the inertial frame F0 seen from the frame Fe,
respectively.

1.1.3 Challenges
For several kinematically complex robotic systems, there are still many problems to
solve that apply in practical problems. Mobile manipulators, parallel manipulators and
constrained manipulators are subjects that still get a lot of attention.

Firstly, the teleoperation of mobile manipulators is a very difficult task. In the
nuclear disaster in Japan, there were no robots, especially mobile manipulators, that
were good enough to be used in this kind of situations. More specifically, the operators
find it difficult to focus on the main tasks when they have to control both the mobile
base and the arm because the haptic device used to control the robot is kinematically
different from the robot. This makes it challenging to map the motion of the haptic
to a corresponding motion for the mobile manipulator. In this thesis, a new intelligent
control allocation between the base and the manipulator arm is implemented in Pham
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and From [2013], Pham et al. [2014d,c].
Secondly, control of constrained manipulators has been studied a long time but there

are still many drawbacks with existing solutions. With existing solutions, constraints are
not presented analytically and the original control law for non-constrained manipulators
cannot be applied directly on these robots. An algorithm that helps to solve these
challenges for constrained robts used in minimally invasive surgery is presented in Pham
et al. [2014a], Pham and From [2014], Pham et al. [2015].

Thirdly, if the torque failure in one of the joints occur, a manipulator can collapse
due to external forces. To guarantee robustness of robots, it is important to know the
effects of these joint failures, i.e., what happens when an active joint becomes passive.
We presented a robust approach to deal with this in Pham et al. [2014b], From et al.
[2014b].

Finally, one of the main challenges to our world is supplying food to everyone. The
population continues to increase, however the natural resource for agriculture is limited.
Therefore we need to increase the productivity in agriculture and try to use as much
land as possible. There are several plots of land that are not utilized today because it is
not viable with the conventional and large machinery used in agriculture, either because
the land is too small or too steep. It is not efficient and economically viable to produce
food on these plots of land. Moreover, heavy agricultural machinery damages the soil
permanently. We propose a robotic platform as a solution to these problems. It is a
a low-cost, light-weight, and highly versatile agricultural robot presented in Grimstad
et al. [2015c,b].

1.2 Part I - Control Allocation for Teleoperation of
Kinematically Dissimilar Robots

Robotic manipulators are usually used to interact with its environment with dexterity
and accuracy. A manipulator cannot move around so its workspace is small and limited.
In contrast, mobile robots can freely move around. A system with a robot mounted on
a mobile base has great potential because it combines two important properties: the
mobility of the mobile base and the dexterity and manipulability of the manipulator
arm Park and Khatib [2006], Seraji [1998], Farkhatdinov and Jee-Hwan [2008].

1.2.1 Kinematics of Mobile Manipulators
In this section we will describe briefly the kinematic relations of vehicle-manipulator
(VM) systems, or mobile manipulators.

We start by choosing the reference frames of the system like in Fig. 1.6. We will
attach a reference frame F0 to a fixed point (inertial reference frame) and a reference
frame Fb to the vehicle. Fb also defines the base of the robot arm and is not inertial. We
denote the configuration of the vehicle with respect to the inertial frame by g0b like (1.9).
The manipulator kinematics is given with respect to the base frame Fb (the vehicle), so
we can use the standard formulation of the manipulator kinematics. The configuration
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of the end effector of the robot is identified with the reference frame Fe and is defined
with respect to the base frame by the homogeneous transformation matrix gbe. Finally
the configuration of the end effector with respect to the inertial frame is given by g0e =
g0bgbe (From et al. [2014a]).

F0

Fb

Fe

Figure 1.6: The coordinates of mobile manipulator

We can write the configuration of a vehicle-manipulator system as a vector

ξ =
[
η

q

]
∈ R6+n (1.11)

where η = [x0b y0b z0b φ0b θ0b ψ0b] and q = [q1 q2 · · · qn]T . In the case that the vehicle’s
configuration space is a subspace of the special Euclidean group, for example a wheeled
vehicle in the plane, we can write the vehicle configuration as a vector in Rm and
the configuration space of the vehicle-manipulator system as a vector in Rm+n. The
velocities of the VM system can be given in the inertial frame as

ξ̇ =
[
η̇

q̇

]
∈ R6+n. (1.12)

1.2.2 Teleoperation

Teleoperation is a system where a user controls a robot in a distant environment. The
user usually uses a haptic device, the master, to control a robot, the slave, from far
away. There are three types of control architectures: i) direct control: the robot follows
the user commands without any autonomy; ii) supervisory control: the user gives high
level command and the robot uses its intelligence to perform tasks; iii) shared control:
the robot follows the user commands with automated help (Siciliano and Khatib [2008]).

The master haptic moves in the master workspace, while the slave robot moves in
the slave workspace. These workspaces are usually very different. In many cases, the
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Haptic Server Station Client Station Robot

NETWORK

Figure 1.7: The teleoperation system scheme

master and slave robots are kinematically dissimilar mechanisms. So they require a
non-trivial mapping from the master workspace to the slave workspace.

The first goal of a teleoperation system is that the slave follows the master. Normally
a position-position or position-velocity architecture is applied to satisfy this requirement.
The slave position or velocity are controlled by the master position.

Some systems provide not only motion information but also force feedbacks to the
operator. The haptic can apply some forces to the operator who can feel the environment
better. These systems are called bilateral. With position-force architecture, the user
feels the interaction forces between the slave robot and the environment to get a better
understanding of the environment (Siciliano and Khatib [2008]).

1.2.3 State-of-the-Art of Teleoperation Mobile Manipulators
There are some solutions to control mobile manipulators with one haptic device found
in literature. The concept of operation modes is introduced to control either the mobile
base (locomotion mode) or the manipulator (manipulation mode) with the haptic device.

Firstly, the operator can choose the operation mode manually, i.e., whether the
vehicle or the arm is controlled. With the teleoperation system in Farkhatdinov and Jee-
Hwan [2008], the operator remotely controls several different objects or several properties
of the same robot using a switch to choose what object/property to control. Similarly,
Farkhatdinov et al. [2008] use a switch to control either the speed of vehicle or the
position of manipulator.

Secondly, Wrock and Nokleby [2011] presented an approach to choose what mode to
control the VM system using the configuration of the slave manipulator. The system
automatically switches between the two modes based on the slave manipulator. The
mobile base just moves after the manipulator breaches it’s workspace limit.

In contrast, Farkhatdinov and Jee-Hwan [2008] use the master manipulator position
to automatic switch between two different operation modes. A predefined area in the
master workspace is used to decide whether the vehicle or the manipulator are controlled.
When the haptic is in this area, a position-to-position control scheme is applied for
accurate control. On the other hand, a position-to-velocity control scheme is used for
fast locomotion.

All of the switching between the operation modes described above is very apparent to
the operator. It also results in a rather unintuitive control, especially when the operator
sees the remote workspace through a camera fixed on the mobile base. A more intuitive
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way to control mobile manipulators is thus desireable from the operator’s point of view.

1.2.4 Contribution
We suggest an approach to control mobile manipulators presented in the following pa-
pers:

• Control Allocation for Mobile Manipulators with On-board Cameras∗
C. D. Pham and P. J. From
IEEE International Conference on Intelligent Robots and Systems, Tokyo, Japan,
2013.

• Evaluation of Subjective and Objective Performance Metrics for Hap-
tically Controlled Robotic Systems∗
C. D. Pham, P. H. N. Trinh and P. J. From
Modeling, Identification and Control, 2014.

• Comparison of Mental and Theoretical Evaluations of Remotely Con-
trolled Mobile Manipulators
C. D. Pham, P. H. N. Trinh and P. J. From
19th World Congress of the International Federation of Automatic Control, Cape
Town, South Africa, 2014.

• A Control Allocation Approach to Haptic Control of Underwater Robots
C. D. Pham, C. Spiten and P. J. From
IEEE International Workshop on Advanced Robotics and its Social Impacts, Lyon,
France, 2015.

The method proposed reduce the differences between the two modes, i.e., whether
the mobile base or manipulator is controlled, allowing for smoother and more efficient
control, as well as faster and more intuitive operation. The operator now just focuses
on the main task, and does not need worry about whether the base or the arm is
controlled, this is handled automatically by the controller. The theory is verified through
experiments on a small mobile manipulator.

1.3 Part II - Kinematically Constrained Serial Ma-
nipulators

Minimally invasive surgery (MIS) is a surgical procedure performed through a small
opening in the patient’s body called the trocar, or the incision point. Because the in-
cisions are small, MIS leads to less patient trauma, shorter recovery times and lower
overall risk compared to conventional open surgery. However, MIS also has some disad-
vantages for the surgeon, like losing the degrees of freedom and the reversed kinematics
of the surgery. Robotics can help to deal with this problem and improve the quality of
MIS.
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Robotics-assisted minimally invasive surgery (RAMIS) is a similar setup to MIS
where a robot controls the tool. In RAMIS, the end effector is attached to a long and
thin shaft used to penetrate the skin through the incision point. To avoid damaging
the patients’ tissues at the incision point, it is common to require that the lateral
displacements at this point is kept to a minimal. The only commercially available
RAMIS is the da Vinci surgical system (Fig. 1.8) that can provide the surgeon with the
precision, dexterity and control of traditional open surgery, while only requiring 1 − 2
cm incision points (Gomes [2011]).

Figure 1.8: The da Vinci Surgical System. Courtesy of Intuitive Surgical, Inc.

1.3.1 Kinematics
In this section, we briefly review Jacobian, manipulability and kinematic solutions in
RAMIS.

1.3.1.1 Jacobian

The standard body Jacobian matrix gives the mapping from the joint velocities q̇ to
the end-effector velocities V B

0e in body coordinates which is the mapping (From et al.
[2014a])

V B
0e = JB0e(q)q̇. (1.13)

The body Jacobian matrix JB0e(q) is found by representing the twist of each joint i
in the end-effector frame, i.e.,

JB0e(q) =
[
X†1 X†2 · · · X†n

]

=
[
Ad−1

g1e X
1
1 Ad−1

g2e X
2
2 · · · Xn

n

]
∈ R6×n,

(1.14)

where X i
i is the constant twist in frame Fi and Ad−1

gie
is the Adjoint matrix that trans-

forms X i
i from frame Fi to X†i represented in the end-effector frame Fe.
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1.3.1.2 Manipulability

One of the most important evaluation criteria in controlling manipulators is that we need
to know how easy it is for the manipulator to change the position and orientation of the
end effector, i.e, how much energy is required. The manipulability index, introduced
in Yoshikawa [1985b], gives us this information by calculating the distance to singular
configuration.

Given the manipulability Jacobian JM ∈ Rr×n, the (kinematic) manipulability ma-
trix is given by

W = JMJ
T
M , (1.15)

and the manipulability measure as

w =
√

det
∣∣∣JMJT

M

∣∣∣. (1.16)

For non-redundant robots where r = n, the manipulability measure is given simply
by

w = |det JM | . (1.17)

1.3.1.3 Kinematic Solutions in Robotics-Assisted Minimally Invasive Surgery

Robotics-Assisted Minimally Invasive Surgery is a redundant robot manipulator. We
want to control the motion at the end effector while the incision point does not allow
any lateral motions. An example of the system is shown in Fig. 1.9. The frame at the
incision point is denoted Fc. The frame of the joint located before the incision point and
the joint that is located after the incision point is denoted by Fa and Fb, respectively.

Normally, a hole constraint is applied at Fc that does not allow any lateral motions
to prevent the damage to patients.

The desired end-effector motion is given by the frame Fe. We will denote the velocity
variables in the following way

V B
0e =

[
vex vey vez ωex ωey ωez

]T
(1.18)

and similarly for the other frames. V B
ij is thus the velocity in body coordinates of a rigid

body with frame Fj with respect to the frame Fi. V B
ij is an element of the Lie algebra

se(3) of the Special Euclidean Group SE(3), and is found as V B
ij = g−1

ij ġij where gij is
the homogeneous transformation matrix describing the location of Fj in Fi.

For RAMIS the Jacobian takes a rather different form compared to (1.14):

J̄Ba =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]
∈ Rm×6 , (1.19)

for some (n − m)-dimensional constraint. This Jacobian takes in to account the con-
straints of the incision point, and is denoted the Constrained Jacobian. Here the bar
in J̄Ba distinguishes the Constrained Jacobian Matrix from the standard Jacobian JBa .
X†i are the manipulator twists while αi are configuration-dependent functions of the
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Robot Frame - Fa

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

End-effector frame - Fe

S2 × R × S1 × S2

a

b

Fb

Figure 1.9: An example of constraints manipulators: a hole constraint which prevents
any lateral motion of a specific point on the manipulator chain. The constrained link is
constrained at the point Fc which, in turn, results in a reduced motion space at Fa. The
motion spaces of the different frames are subgroups of SE(3) defined by linear motion
R, circular motion S, and the sphere S2.

manipulator and constraint kinematics.
The Constrained Jacobian Matrix for a hole-shaped constraint can for example be

found as

J̄Ba =
[
X†1− 1

a
X†5 X†2 + 1

a
X†4 X†3 X†6 X†7 X†8

]
∈ R6×6 . (1.20)

1.3.2 State-of-the-Art of Robotics-Assisted Minimally Invasive
Surgery

We can divide the different kinds of constrained robotics in two groups:

• Physical constrained systems;

• Virtual constraints.

Parallel manipulators or closed-chain mechanisms are systems with physical con-
straints. This constraint is from the systems itself, i.e., the hardware of the system.
The second group can be guided robot systems or software-based constraints, and are
denoted virtual or artificial constraints.
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1.3.2.1 Hardware-based Solutions

The constraints imposed by the entry point of RAMIS are commonly referred to as the
Remote Center of Motion (RCM). The RCM can be obtained mechanically by using a
parallel device that keeps the RCM fixed, such as in the DaVinci robot from Inuitive
Surgical (Guthart and Salisbury Jr [2000]). This is a safe solution, but not flexible when
it comes to changing the RCM during surgery.

1.3.2.2 Software-based Solutions

There is a wide variety of approaches to deal with software-based constrained systems.
When the manipulator position is constrained by the task geometry, the force control
(Mason [1981]) or hybrid position/force control (Raibert and Craig [1981]) can be used
to satisfy the constraint.

One of the first theories for obstacle avoidance of manipulators was potential field
(Khatib [1986]). Normally two types of potential fields are applied to the robot: i) an
attractive potential Ua that pushes the robot end effector towards its desired position
and a repulsive field Uri that pushes each link of the robot and the robot end effector
away from the obstacles.

The potential field in principle guarantees that the robot does not hit the obstacles,
as the artificial force pushes the robot away from the obstacle with a higher force as the
distance to the obstacle reduces. Although the strength of the potential field can be
tuned, the formulation does not allow for exact positioning of the robot with respect to
the obstacles.

The obstacle avoidance for redundant manipulators has also been given a lot of
attention. One approach is to let end-effector velocities be controlled with the first
priority while the constraint is given the second priority task that is controlled in null-
space of the Jacobian matrix (Maciejewski and Klein [1985], Nakamura et al. [1987]).
The Jacobian contained two parts: i) end-effector Jacobian; and ii) obstacle avoidance
Jacobian. This method could not guarantee satisfying the constraint. It also did not
treat the end effector and the constraint in the same way.

More specifically, when inserting the robotic tool into the patient it is crucial to avoid
any lateral motion. Early results solved the motion constraints as a general optimization
problem, for example in Funda et al. [1996]. In Ortmaier and Hirzinger [2000], the RCM
kinematics was derived and used to estimate the position of the entry point for a robot
with passive joints. The passive joints guarantee that no forces are exerted to the entry
point. In Locke and Patel [2007] the kinematic model was used to derive an optimization
technique that allows isotropy of the surgical tool to be evaluated subject to the RCM
constraint. Trocar kinematics was also discussed in Mayer et al. [2004].

Another approach combined hybrid force/position control and Natural Admittance
Control (NAC) that used to control RAMIS (Deal et al. [2012]). With this controller, the
portal constraints was guaranteed and at the same time allows for compliant behavior
at the end-effector. The resulting controller divided the control efforts into a 2-DoF stiff
control at the entry point and a 4-DoF NAC controller at the end effector. Generally,
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robot dynamics may be expressed as:

Q+ Jw = M(q)q̈ + C(q, q̇)q̇ + g(q), (1.21)

where Q is a vector of motor efforts, J is the Jacobian matrix, M(x) is the inertia
matrix, C(q, q̇) is the Coriolis and centripetal matrix and g(q) is the potential forces.
The hybrid position/NAC controller was then given by:

Qhybrid = Qvel,pos +Qvel,nac +Qg +Qnac,phys +Qnac,virt, (1.22)

where the contributions are due to desired velocity, Qvel,pos, due to ideal joint velocities,
Qvel,nac,due to gravitational loads, Qg, due to physical forces/moments acting on the
tool tip (interaction efforts), Qnac,phys, and due to emulation of virtual forces/torques
attributable to virtual springs and dampers acting on the endpoint, but instantiated
through computed motor efforts, Qnac,virt.

We note that none of these approaches can control both RCM and end effector at
the same time.

1.3.3 Contribution
The proposed approach is presented in the following papers:

• An Analytical Approach to Operational Space Control of Robotic Ma-
nipulators with Kinematic Constraints∗
C. D. Pham, F. Coutinho, F. Lizarralde, L. Hsu and P. J. From
19th World Congress of the International Federation of Automatic Control, Cape
Town, South Africa, 2014.

• On the Dynamic Manipulability of Velocity-constrained Serial Robotic
Manipulators∗
C. D. Pham and P. J. From
IEEE International Conference on Robotics and Biomimetics, Bali, Indonesia,
2014.

• Analysis of a Moving Remote Center of Motion for Robotics-Assisted
Minimally Invasive Surgery∗
C. D. Pham, F. Coutinho, A. Leite, F. Lizarralde, P. J. From and R. Johansson
IEEE/RSJ International Conference on Intelligent Robots and Systems, Hamburg,
Germany, 2015.

• Singularity Analysis of Robotic Manipulators with Velocity-Constraints
for Minimally Invasive Surgery∗
C. D. Pham and P. J. From
IEEE International Conference on Robotics and Biomimetics, Zhuhai, China,
2015.
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We present an analytical representation of manipulator kinematics with velocity
constraints on the chain. The constraint Jacobian allows us to treat constrained manip-
ulators in the same way as non-constrained manipulators so we can apply conventional
control schemes such as compliant and hybrid control on the constrained manipulator.
This also helps us to analyse the mobility and singularities of constrained manipulators.
Moreover, RCM velocities can also be controlled at the same time as the end-effector ve-
locities. None of the previous work can do this. We applied the approach on a Motoman
DIA10 dual-arm robot with a Phantom Omni haptic device to verify the theory.

1.4 Part III - Kinematic Analysis of Serial and Par-
allel Manipulators

Manipulators are used in many remote and harsh environments where humans cannot
or do not want to operate. The need for a rigorous theory on what happens when
joint failure occurs is thus important to be able to cope with unforeseen events such
as actuation failure. We therefore need to know the passive joints’ effect on serial and
parallel manipulators when external forces are present.

1.4.1 Joint Failure
There are two main types of joint failure:

• Locked joint: the velocity of the effected joint is zero (Maciejewski and Balakrish-
nan [1998]).

• Joint force/torque failure, also called free-swinging joint faults (FSJF) (English
and Maciejewski [1998]). This failure happens when an active joint loses its
force/torque from a fault in joint motor/gears. The failed joints will become
passive and can move freely.

1.4.2 Kinematics of Parallel Manipulators
For a robotic mechanism with several sub-chains j = 1...k, for example a parallel ma-
nipulator with three sub-chains in Fig. 1.10, we will write the twist of joint i as Gi and
the twist system of chain j as

Mj = (G1,G2, . . . ,Gn) = (Mj1,Mj2, . . . ,Mjn). (1.23)

where we use the second notation Mji when we need to clarify what chain the joints
belong to in a parallel mechanism, i.e., joint i at chain j. We use the same notation for
the joint positions, i.e. θji 1. The twist system describes the motion of the end effector
for the open chain.

1In this part of thesis use θ instead of q to denote the joint positions.
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Figure 1.10: An example of parallel manipulator with three sub-chains.

Let the parallel manipulator

M =M1||M2|| · · · ||Mk (1.24)

consist of k serial manipulator sub-chains that share a common base and a common end
effector.

We are interested in the passive motion, i.e. the motion due to the passive joints
when the active joints are fixed. We denote this by

MP =MP1||MP2|| · · · ||MPk (1.25)

whereMPj consists of only the passive joints of chain j.

Although only the passive joints are considered, the twists of the passive joints
depend on the configuration of the active joints. The twist of joint i is given by

G ′i = Adgb(i−1)Gi (1.26)

where gbi ∈ SE(3) is the transformation from the base to joint i. We will assume it
implicitly understood that the twists, as written in (1.23), are transformed according to
(1.26), and thus write G for G ′. Similarly when we write AdgM, we mean

Adg(θ)M := {G ′1, . . . ,G ′n} = {G1,Adgb1G2, . . . ,Adgb(n−1)Gn}. (1.27)

WhenMP does not allow any motion after the joint failure, we have

Dm = 0 FSJF====⇒ Dm−1 = 0 (1.28)

and the mechanism remains equilibrated with respect to all external forces. WhenMP

allows a 1 DOF motion as a result of the joint failure, i.e.

Dm = 0 FSJF====⇒ Dm−1 = 1, (1.29)
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the mechanism is not fault tolerant. In this case the mechanism can at best be condi-
tionally equilibrated.

1.4.2.1 Overconstrained Mechanisms

Grübler formula (1.30) is used to determine the degree of freedom of a kinematic chain
(Angeles [1989]):

M = 6(N − 1− j) +
j∑

i=1
fi (1.30)

where N is the number of links including the fixed link, j is the number of joints, fi is
degrees of freedom of joint i.

Overconstrained mechanisms are linkages that violate the mobility formula by us-
ing special geometric features and dimensions to provide more mobility than would by
predicted by this formula (Mavroidis and Roth [1994]). The first overconstrained mech-
anism is Sarrus system (Sarrus [1853]) that shown in Fig. 1.11. The Sarrus system has
6 links and 6 joints so it has mobility M = 0 following the Grübler formula. However
the Sarrus mechanism has mobility M = 1, which means it allow movement in one
dimension.

Figure 1.11: The Sarrus system. Courtesy of Chen et al. [2013].

1.4.3 State-of-the-Art of Joint Failure in Manipulators
Passive joints in serial manipulators are treated only briefly in literature, (Oriolo and
Nakamura [1991], Arai and Tachi [1990]), and case studies such as the Acrobot in Hauser
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and Murray [1990]. Arai and Tachi [1990] proposed an approach that control passive
joints with holding brakes by using dynamic coupling.

The mobility of parallel manipulators and the relation between the active and passive
joints can be found in literature. The Jacobian of the parallel manipulator is investi-
gated in Liu et al. [1999] and Bicchi and Prattichizzo [2000] where the passive joint
accelerations are found from the active joint accelerations by dividing the Jacobian into
an active and a passive part. For non-overconstrained mechanisms, i.e. when there are
no redundant constraints, we can find the mobility by the well known Grübler formula
in Murray et al. [1994].

For overconstrained mechanisms there are many approaches to determine the mobil-
ity. In Dai et al. [2006] the mobility of the mechanism is found from the constraint space.
The constraints of the system are found systematically and the redundant constraints
are identified. The mobility is then found by adding the degrees of freedom repre-
sented by these redundant constraints to the Grübler formula for non-overconstrained
mechanisms. This approach illustrates well the effect of redundant constraints in the
mechanism.

The mobility can also be found by the motion space as in Rico et al. [2003], Rico
et al. [2006]. The degree of freedom of the motion of the end effector is first found.
Then the degree of freedom of the self-motion manifold of each chain is added. By
this approach the redundant constraints are not found directly, but this approach gives
valuable in-sight into where to place redundant actuators in the mechanism.

1.4.4 Contribution
We suggest an approach to analyse serial and parallel manipulators with passive joints,
presented in the following papers:

• A Geometric Approach to the Design of Serial and Parallel Manipula-
tors with Passive Joints
C. D. Pham, P. J. From and J. T. Gravdahl
Applied Mathematics, 2014.

• Fault Tolerance of Parallel Manipulators with Passive Joints
P. J. From, C. D. Pham and J. T. Gravdahl
Proceedings in Applied Mathematics and Mechanics, 2014.

The approach does not only to deal with parallel manipulators like previous work (From
and Gravdahl [2008]) but also with serial manipulators. We can find the configuration of
serial manipulators in case of joint failure to prevent the robot from collapsing. The ap-
proach also gives a global solution to the mobility of parallel manipulators that depends
on active joint positions only.

1.5 Part IV - Agricultural Robots
Conventional farming has several unfortunate drawbacks that may be resolved by re-
placing heavy agricultural machinery with lightweight robots. Robotic swarms have
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been proposed as an efficient solution to farming which may eliminate one or more of
the drawbacks found in conventional farming such as soil compaction, high fuel con-
sumption, low precision, extensive use of pesticides and fertilizers, and so on.

1.5.1 Thorvald
Thorvald is a novel robotic platform that is powerful enough to perform energy-demanding
operation in the soil, and at the same time has the beneficial properties of lightweight,
autonomous robots (Grimstad et al. [2015a]).

The Thorvald platform was designed and built at the Norwegian University of Life
Sciences. It has a low center of gravity, and a total mass of approx. 150 kg. It uses
four 600 W brushless motors connected via toothed belts to in-wheel gearboxes for
propulsion, which is believed to sufficient to perform the most critical tasks in the
field. Even though the robot itself is lightweight, the tools that are attached to the
robot will add the necessary weight to perform each task. Thus, for monitoring and
surveillance, the robot is sufficiently light weight not to damage the plants and the soil
and to maintain a long operation time, while for more energy-demanding tasks, such as
seeding, the seeding tool will add the necessary weight to obtain the required traction
and stability.

The robot has individual steering motors for each wheel, which makes it highly
maneuverable, and the frame members and frame joints are made somewhat flexible to
ensure that all wheels will remain in contact with the ground, even in rough terrain.
This is critical for traction, which is especially important on Norwegian farms, where the
fields often are uneven and hilly. The flexible frame design was chosen as it is lighter,
less expensive and less complex than traditional suspension systems.

Thorvald has a waterproof on-board computer from Small PC, which runs ROS
(Robotic Operating System) on Linux Ubuntu. A heavy-duty, weather-proof, high
brightness touch screen from Small PC has been installed for easy operation together
with an emergency stop button. The steering motors from JVL have built in motor
controllers while the four propulsion motors are connected to two dual channel motor
controllers from Roboteq. All motor controllers are connected to, and communicate with
the on-board computer via a CANopen network. The Thorvald platform is depicted in
Fig. 1.12.

1.5.2 Controller Area Network
In this section, we will study briefly the Controller Area Network (CAN) and CANopen
that are used in our robot.

1.5.2.1 Controller Area Network

Controller Area Network (CAN) is a serial network technology that was originally de-
signed for the automotive industry but has also become a popular bus in industrial
automation as well as other applications (Voss [2005]).
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Figure 1.12: The Thorvald platform.

CAN specifies physical layer and data link layer in the ISO 7-layer reference model.
CAN is a broadcast type of bus (Fig. 1.13). All nodes can "hear" all transmissions.
There is no way to send a message to just a specific node; all nodes will invariably pick
up all traffic. The CAN hardware, however, provides local filtering so that each node
may react only on the “interesting” messages (Voss [2005]).

Figure 1.13: A CAN Bus example. Courtesy of BÖHNKE + PARTNER.

1.5.2.2 CANopen

CANopen is a higher-level CAN protocol that is developed by CiA. CANopen has been
developed as a standardized embedded network with highly flexible configuration capa-
bilities (Pfeiffer et al. [2008]).

CANopen is free and does not require any license fees. It can combine both CANopen
and CAN nodes in one network. CANopen can easily be extended or customized towards
a specific application (Pfeiffer et al. [2008]).

1.5.3 The Robot Operating System
The Robot Operating System (ROS) is an open-source robot operating system. It is a
flexible framework for writing robot software. It is a collection of tools, libraries, and
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conventions that aim to simplify the task of creating complex and robust robot behavior
across a wide variety of robotic platforms (Quigley et al. [2009]).

The primary goal of ROS is to reuse the code developed by the robotic commu-
nity. Everyone can share their work when they create a new package which lets others
integrate and reuse it (Quigley et al. [2009]).

1.5.4 State-of-the-Art of Agricultural Robots
There has been an increasing interest in small agricultural robotic platforms, and several
robotic solutions have emerged in recent years. Both task specific and modular robots
with exchangeable implements exist. One group of robots focus on surveillance and
monitoring. The BoniRob, (Ruckelshausen et al. [2009]), is for example developed for
phenotyping and mapping of plants in the field. Hortibot, (Jørgensen et al. [2007]),
is a robotic tool carrier for high-tech plant nursing for e.g. organic grown vegetables.
Armadillo, (Jensen et al. [2012]), a field robot that can be configurable and adaptable
to a wide range of precision agriculture research projects. Some robots have a specific
purpose like autonomous weeding (Bakker et al. [2010]) and weed detection robots, (Bak
and Jakobsen [2004]). Other robots are capable of doing physical work in the field. One
such robot is the Robotti from Kongskilde, (Green et al. [2014]), which can do field
operations such as mechanical weeding.

1.5.5 Contribution
We suggest an new agricultural platform. The whole system is described in the following
papers:

• On the design of a low-cost, light-weight, and highly versatile agricul-
tural robot
L. Grimstad, C. D. Pham, H. N. T. Phan and P. J. From
IEEE International Workshop on Advanced Robotics and its Social Impacts, Lyon,
France, 2015.

• Initial field-testing of Thorvald, a versatile robotic platform for agricul-
tural applications
L. Grimstad, H. N. T. Phan, C. D. Pham and P. J. From
IROS Workshop on Agri-Food Robotics: dealing with natural variability, 2015.

This is a flexible platform. My main contributions in the system are:

• Applying CANopen with ROS to communicate and control with an onboard com-
puter. All of devices are connected to CAN network. The sytem is very open and
it is easy to add new sensors or new devices to extend applications.

• Implementing control of the whole system.
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Chapter 2

Control Allocation for Mobile
Manipulators with On-board
Cameras

2.1 Abstract
This paper presents a new set of approaches for teleoperation of mobile manipulators
with on-board cameras. Mobile manipulators consist of a robotic arm which provides
for interaction and manipulation, and a mobile base which extends the workspace of
the arm. While the position of the on-board camera is determined by the base motion,
the principal control objective is the motion of the manipulator arm. This calls for
intelligent control allocation between the base and the manipulator arm in order to
obtain intuitive control of both the camera and the arm. We implement virtual mass-
spring-damper forces between the end-effector and the camera so that the camera follows
the end-effector with an overdamped characteristics. The operator therefore only needs
to control the end-effector motion, while the vehicle with the camera will follow naturally.
The operator is thus able to control the more than six degrees of freedom of the vehicle
and manipulator through a standard haptic device. The control allocation problem,
i.e., whether the vehicle or manipulator arm actuation is applied, is then performed
automatically so that the operator can concentrate on the manipulator motion.

2.2 Introduction
Teleoperation allows operators to control remotely located objects from a safe and com-
fortable location. The main motivations for remotely operated robots is to relieve hu-
mans from entering hostile and dangerous environments and to utilize robots in areas
where humans do not have access.

Teleoperated robotic manipulators have long been an active field of research. Passivity-
based controllers are commonly used to control bilateral teleoperation systems with
two-port network representations Hokayem and Spong [2006], Jee-Hwan et al. [2004a],
Jee-Hwan et al. [2004b]. Energy-based approaches have also been proposed to obtain

27
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stable behavior of the two systems, for example in Hannaford [1989], Franken et al.
[2011]. Over the last years, however, we have seen an increased interest also in teleop-
eration of mobile manipulators, i.e., a robotic manipulator mounted on a mobile base.
This setup has great potential because it combines two important properties: the mobil-
ity of the mobile base and the dexterity and manipulability of the manipulator arm Park
and Khatib [2006], Seraji [1998], Farkhatdinov and Jee-Hwan [2008].

Combining mobility and dexterity in one system in this way does not only present
us with possibilities—it also leads to challenges when it comes to control: It is difficult
to obtain intuitive behavior when controlling two kinematically different systems using
only one type of haptic device.

Several solutions have been proposed for intuitive control of mobile manipulators.
One simple approach is to use two haptic devices, one joystick-like device to control
the vehicle, and a serial chain master manipulator to control the manipulator arm.
This does, however, lead to a more complicated setup for the operator, as it has shown
difficult to control two different haptic devices at the same time, and also because the
vehicle typically uses rate control while the manipulator is position controlled.

A different set of approaches commonly implemented uses the concept of operation
modes to control either the manipulator base or the vehicle but with only one haptic de-
vice. Instead of using two devices the user switches between controlling the manipulator
and mobile base. The switching between the two modes, referred to as manipulation and
locomotion modes, is performed manually using a simple switch or button on the haptic
device, i.e., the operator can choose either locomotion mode in which he/she controls
the mobile base or manipulation mode where the manipulator arm is controlled.

Farkhatdinov and Jee-Hwan [2008] propose a teleoperation system, where the human
operator remotely controls several different objects—such as several mobile robots or a
manipulator arm mounted on a mobile base (a 2-robot system)—or to control several
properties of the same robot using only one master device. A switch is used to choose
what object to control, for example whether to control the mobile base or the manip-
ulator. Similarly, Farkhatdinov et al. [2008] use a switch to control either the speed
of mobile platform for efficient locomotion or the position of manipulator for fine ma-
nipulation. A passivity-based approach is implemented for stability. Also Lasnier and
Murakami [2010] propose two operation modes: a standard bilateral mode to control the
manipulator and a joystick-like rate control mode for the mobile base. Andaluz et al.
[2011] switch between controlling the velocity of the entire vehicle-manipulator system,
or the position of the robotic arm only.

In all the work presented above the human operator needs to manually select the
control strategy. This switching is often confusing for the operator because he/she needs
to switch between two operation modes that are very different in nature. It is therefore
believed that more efficient control can be obtained if switching is avoided. One solution
is presented in Wrock and Nokleby [2011] where control of the vehicle-manipulator sys-
tem is performed using a single 3-DoF haptic device. Two separate modes are defined
which allows the operator to control either the manipulator or the base. The system
automatically switches between the two states based on the configuration of the slave
manipulator. The controller will enter locomotion mode when the end effector breaches
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the predefined limits of the manipulator’s workspace. When in locomotion mode, the
system returns to manipulation mode when the master robot has been left in the dead-
band defined in the middle of the master’s workspace for more than three seconds. A
similar idea is presented in Farkhatdinov and Jee-Hwan [2008] where automatic switch-
ing between two different locomotion modes of a mobile base is used to increase accuracy.
For small displacements in the master device a position-to-position control scheme is
applied for accurate control, while for large displacements, a position-to-velocity control
scheme is used for fast locomotion.

The switching between the operation modes described above, whether it occurs man-
ually or automatically, is very apparent to the operator. In this paper we suggest that
this apparent switching is not necessary for efficient control. In fact, switching in this
way may take the attention of the operator away from the task that he is to perform
and decrease the overall performance. The method proposed in this paper thus aims
at reducing the differences between the two modes, allowing for smoother and more
efficient control, as well as faster and more intuitive operation.

In this paper we introduce an artificial force between the manipulator end effector
and the camera attached to the mobile base. The main idea is to let the operator
control the end-effector motion only, in the normal way, and we then let the camera
follow the end-effector with an artificial force dragging it towards the end-effector. We
give this force an overdamped mass-spring-damper characteristics to avoid oscillations.
Our approach allows the operator to focus only on the end-effector motion while the
motion of the mobile base is taken care of by the control allocation.

In addition we also use the concepts of operation modes. When the master robot
is inside a pre-defined workspace, a standard position-to-position control is applied. In
this mode the vehicle is kept still, which allows for accurate and fine manipulation. This
is normally necessary because the vehicle motion is not sufficiently smooth, for example
due to vibrations and low accuracy. When the master is taken out of this area we enter
locomotion mode where the end-effector motion is controlled using a position-to-velocity
scheme and the mobile base will follow as described above. It is important to note that,
differently from the approaches described above, the manipulator arm does not stop to
move as we enter a locomotion mode. Rather, we obtain a more intuitive motion by
moving both the vehicle and the arm.

Moreover, we use an on-board camera for visual feedback, which leads to several
challenges compared to direct visual contact between the operator and the robot. One
of the main challenges is the limited view that the operator has of the workspace. The
camera can only see in one direction so the operator will miss a lot of information about
the environment. This needs to be taken care of by the on-board sensors. Ideally, safe
operation is obtained by proper control allocation, for example to avoid collisions, or if
this is not possible, the system needs to override the operator.

The main problem when it comes to intuitive operation of the robot is that the
camera is fixed to the vehicle so that the images change with the vehicle’s motion.
As the camera is the operator’s eyes at the remote location, this motion affects his
perception of the remote environment. This needs to be taken into account in the control
allocation. We propose a continuous control allocation method that simultaneously
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allows for intuitive operation of the end-effector motion and positioning of the camera.

2.3 System Setup and Problem Formulation
The system to be studied consists of a standard bilateral teleoperation setup with a
haptic device controlled by a human operator which is used to control a remotely located
robot. The robot consists of a wheeled vehicle with a manipulator arm attached to it.
We will attach a frame Fb to the vehicle and denote the location of Fb with respect to
the inertial frame F0 by the homogeneous homogeneous matrix g0b and its velocity by
the body velocity twist V̂ B

0b = g−1
0b ġ0b. The configuration of the robotic arm is given by

the joint variables q ∈ Rn in the normal way, and the joint velocities as q̇ = dq
dt ∈ Rn.

The position of the end-effector frame Fe in the world frame is found as g0e = g0bgbe(q)
From et al. [2010a]. We refer to From et al. [2014a] for a detailed formulation of the
kinematics of vehicle-manipulator systems.

We consider bilateral teleoperation of a mobile manipulator which consists of a Pi-
oneer 3-AT mobile base with a 7 degrees freedom manipulator, as seen in Fig. 2.1. The
mobile robot is a small four-wheel, four-motor skid-steer robot with non-honolonomic
motion constraints. The operator gives commands through the master haptic manipu-
lator which is connected to a personal computer. We use Phantom Omni haptic device
from SensAble Technologies which allows for force feedback. The control signals are
sent from the PC to the on-board computer through a wireless network. Obstacle range
information is obtained from the robot’s sonars.

2.3.1 Problem Formulation
The setup described above calls for the integration of two rather distinct operation
modes: i) accurate manipulation of objects using the robotic arm in the relatively limited
workspace of the manipulator; and ii) locomotion of the vehicle in a possibly very large
workspace. The main challenge is therefore to obtain a control allocation between the
vehicle and the manipulator in such a way that the motion of both the vehicle and the
manipulator arm can be controlled intuitively using the manipulator-like haptic device.

The distribution of control forces between the manipulator and the base to obtain
both manipulation and locomotion is obtained through the control allocation algorithm.
The main topic discussed in this paper is thus how to interpret the master (6 DoF)
reference as both position and velocity references and how to distribute the control
forces between the vehicle and the base (3+6 DoF), i.e., the control allocation problem
for vehicle-manipulator systems.

In this paper we take the master reference and generate position or velocity references
for the vehicle and manipulator, and we denote this the control allocation problem
because the motion is distributed between the two systems. It is important to note,
however, that we assume that the low-level controllers of the vehicle and manipulators
are such that these references are followed, i.e., we are only concerned with kinematic
control. Once the control allocation is in place, any method for stable teleoperation can
be used, such as passivity- and energy-based approaches. The control of teleoperated
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Figure 2.1: The coordinates of mobile manipulator

systems is not discussed in detail in this paper, but we present some comments on the
control architecture below.

2.3.2 Control Architecture
The general idea presented in this paper is to control both the vehicle and the manipu-
lator using a single haptic device. This calls for some kind of control allocation to decide
whether the vehicle, the manipulator arm, or both are to be actuated given a reference
from the master device. We will implement this control objective in intermediate layers
(IL) between the master and the slave as illustrated in Fig. 2.2 and discussed in detail
in Cho et al. [2012].

Teleoperation systems are often modeled as two-port networks where both the master
and the slave are represented by two-ports, and the human operator and the environment
are represented by one-ports (Hannaford [1989]). In addition we introduce intermediate
layers between the master and the slave for control implementation. The sub-layers can
then be serially connected to obtain the required overall performance.

This control architecture allows us to implement a layer between the master and the
slave for control allocation and control objectives. In addition to the conventional control
we can also implement other sub-layers, for example for increased safety and enhanced
operator awareness. The control architecture with intermediate layers is described in
more detail in Cho et al. [2012]. A simple implementation with intermediate layers for
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Figure 2.2: The intermediate layer architecture represented by several sub-layers used
in this paper for safe haptic teleoperation of vehicle-manipulator systems.

improved safety and enhanced awareness is illustrated in Fig. 2.2.
In the next section we will study several different intermediate layers that are de-

signed specifically for vehicle-manipulator systems, and we derive each of these in detail.
We will use the control architecture described above to implement each layer as two-
ports to obtain the required overall performance of the system. The four intermediate
layers discussed below are illustrated in Fig. 2.2.

2.4 Motion Control
In this section, we will study what we refer to as the control allocation problem for
vehicle-manipulator systems, i.e., how a reference trajectory is allocated between the
vehicle and the arm.

2.4.1 Control Modes

The controller will use control modes to decide whether the trajectory is realized through
the vehicle, the manipulator, or both. There are two control modes—manipulation mode
and locomotion mode—that can be used only as internal modes for the controller or be
communicated to the operator as two distinct operation modes:

2.4.1.1 Manipulation Mode

This mode is used for fine manipulation and interaction tasks. This is normally im-
plemented as a position-to-position or velocity-to-velocity control scheme. Because the
manipulator arm is generally much more accurate than the vehicle, manipulation mode
is realized through the manipulator arm only while the vehicle is fixed. Thus, as the
vehicle is fixed and we only control the slave robot which is kinematically similar to the
master robot, we can apply any control scheme for haptic teleoperation in this mode.
If larger motions are desired, vehicle actuation is required and we switch to locomotion
mode.
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2.4.1.2 Locomotion Mode

Whenever a large displacement of the robot is needed the vehicle needs to take care of
this motion. Normally a position-to-velocity control scheme is chosen to allow for an
infinitely large slave workspace. In locomotion mode the vehicle and the arm are used
to obtain large displacements of the end-effector. As the master robot is to control both
the vehicle and the slave arm, we have two kinematically dissimilar systems. We solve
this by virtually connecting the master end effector to the slave end effector, which is
our primary control objective.

2.4.2 Switching Strategies
2.4.2.1 Manual strategy

A simple control scheme is simply to let the operator choose the operation mode di-
rectly Farkhatdinov and Jee-Hwan [2008], Farkhatdinov et al. [2008], Lasnier and Mu-
rakami [2010], Andaluz et al. [2011]. The operator then decides what operation mode
should be used, for example by pushing a button on the haptic device. In manipulation
mode the speed of the vehicle is set to zero while in locomotion mode the position of
the slave manipulator is normally kept constant or retracted.

2.4.2.2 Master workspace strategy

With this strategy, the robot will automatically change between the two modes depend-
ing on the master position. If the robot is far from the goal, the operator will move
the haptic device far and fast. It is thus natural to define a limit area in the master
manipulator’s workspace so that whenever the master is inside this area, the robot will
be controlled in manipulation mode while we switch to locomotion mode when it moves
out of the area.

Mode =





Manipulation if





|zm| ≤ z0
|xm| ≤ x0
|vz| ≤ v0

Locomotion otherwise

(2.1)

where zm and xm are the master positions in the zx-plane of the haptic device and vz
is the master speed in the z-axis of the master frame. z0, x0 and v0 are user designed
constant parameters defining the manipulation mode.

When in locomotion mode we allow only for motion of the vehicle which is given by
[
vs
φs

]
=
[
−kv 0

0 −kφ

] [
d1
d2

]
(2.2)

where kv and kφ are proportionality constants; vs and φs are the velocity and the heading
angle of the vehicle in the body frame; and d1 and d2 are defined by the position of the
haptic device, as shown in Fig. 2.3. They are the distances from the master’s tip position
to the limit area that is used to define the manipulation mode.
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Figure 2.3: Determining d1 and d2 from the haptic position.

2.4.2.3 Slave workspace strategy

Alternatively we can use the slave workspace to determine the operation mode. Like
in Wrock and Nokleby [2011], the system changes automatically from the manipulation
mode to the locomotion mode when the slave manipulator reaches the limit of the
workspace. However, the condition that is used to change back from the locomotion
mode to the manipulation mode is different from that in Wrock and Nokleby [2011]
where the change back to manipulation mode occurs after the master goes back in
the dead-band for more than 3 seconds, in that our system changes back when the
master goes back far enough so that a desired slave position can be defined in the slave
workspace. We thus have

Mode =





Locomotion if





|xs| ≥ xl or |ys| ≥ yl
|xsd| ≥ xl
|ysd| ≥ yl

Manipulation otherwise

where xs and ys are the actual slave positions in the x− and y− axes of the robot
frame; xsd and ysd, that are computed from actual master positions, are the desired
slave manipulator position; and xl and yl are the slave limit positions in the x− and
y− axes of the robot frame, respectively. The locomotion mode using this approach is
similar to the master workspace strategy presented in 2.4.2.2.

The differences of the master workspace strategy and the slave workspace strategy
are hard to recognize from the equations, but result in very different user experience for
the operator. For example, when the operators move the master device slow enough,
the master workspace strategy and the slave workspace strategy are similar because the
slave manipulator can tightly follow the master manipulator. However, the difference
between the two modes becomes apparent in real life when the operator tends to move
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the master very quickly, and often through the whole workspace so that the slave is not
able to follow the master. This is very noticeable, for example, when operators want
to reverse motion of the mobile base. In the master workspace strategy, operators can
reverse the motion immediately by moving the haptic device fast. In the slave workspace,
however, the slave manipulator has to move to the limit of the slave workspace before
the mobile base can reverse the motion. This may lead slower execution of the task.

2.4.3 Control Allocation
A vehicle-manipulator system needs to be able to perform both interaction tasks with the
environment using the end-effector tool and at the same time be able to move freely in
its large working environment using the vehicle actuation. Ideally the switching between
these two modes should be performed as intuitively as possible and in such a way that
the operator performs this switching subconsciously. In this section we will propose
a new framework that interprets the operator’s input as either vehicle or manipulator
motion without the need for actively choosing the operation mode, nor be aware of what
mode we are in.

The location of the end effector with respect to the base is given by the forward
kinematics in the normal way,

x0e =
[
pm
Θm

]
= ffk(q) (2.3)

where pm is the position and Θm is the orientation of the master end-effector and ffk
is the forward kinematics map. The operator is concerned with the location of the end
effector and not the base, but because the camera is mounted on the vehicle, its location
affects the operator’s perception of the remote environment. We thus seek a control law
that allows the operator to control the end effector in the inertial space, and for which the
vehicle and camera follow naturally. A change in the master position should therefore be
interpreted as a position or velocity reference for the slave’s end-effector. Note, however
that a change in the slave’s end-effector position can be obtained either through the
vehicle, the manipulator arm, or both, which defines the control allocation problem.
We solve this control allocation problem in three different ways: either we interpret the
position of the master as a reference for the velocity of the slave end-effector, or as the
position of the slave with respect to the camera (the vehicle), or as both position and
velocity using operation modes.

2.4.3.1 Position-velocity Control

Let the position of the master correspond to a velocity of the slave end-effector in the
inertial space. The desired end-effector velocity is given by V B

0e,d which can be obtained
by the robotic arm through the Jacobian as V B

0e,d = J(q)q̇. In order to obtain an infinite
workspace we do, however, need this motion to be realized also through the vehicle. Let
the displacement of the end-effector from the home position be given by δ = x0e − x0

0e
in Equation (2.3). Assume that we want the end effector to follow the desired reference
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V B
0e,d and the vehicle to follow the end effector with a mass-spring-damper characteristic

between the camera and the end-effector given by

F = δ̈ + dδ̇ + kδ. (2.4)

The following references will give the above characteristics:

• Manipulator arm reference:

V B
0e,r = V B

0e,d −
1
db
F, (2.5)

• Vehicle reference:
V B

0b,r = 1
db
F. (2.6)

This control law is to be interpreted in the following way: The desired end-effector
velocity in the inertial space is given by V B

0e,d. The manipulator reference is obtained by
the Adjoint map Adg (From et al. [2014a]) and subtracting the vehicle motion V B

0b,r, i.e.,

V B
be,r = V B

0e,d − Adgeb V B
0b,r (2.7)

so it only remains to find the reference for the vehicle motion from the desired end-
effector motion. The position, velocity, and acceleration of the end effector with respect
to the vehicle generates a force F given by (2.4) that acts on the vehicle. This force is
transferred into a vehicle motion, or rather the vehicle velocity by (2.6) where db can be
interpreted as the damping on the vehicle. Note that this is different from d which is
the desired damping characteristics as observed from the camera when watching the end
effector. Finally the motion of the vehicle is removed from the desired motion passed
on to the manipulator controller. Note that the constants in the mass-spring-damper
system (2.4) need to be tuned to avoid saturation in the manipulator workspace.

2.4.3.2 Position-position Control

Alternatively we can use position-position control. We can still obtain an infinite
workspace by choosing the slave position to be chosen with respect to the base and
not the inertial frame, and let the vehicle approach the end effector as above. In this
case the desired vehicle velocity V B

0b,r and manipulator position δr are obtained from the
desired manipulator position δd by the following law:

• Manipulator arm reference: δr = δd −
∫ 1
db
F ,

• Vehicle reference: V B
0b,r = 1

db
F .

We see that in this case the vehicle takes velocity as reference, which is necessary to
obtain an infinite workspace and the manipulator arm takes position as reference which
allows for fine manipulation. Also in this case the vehicle motion is subtracted from the
manipulator motion so that the operator always controls the manipulator as seen from
the on-board camera.
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2.4.3.3 Position-position and Position-velocity Control

For the two approaches presented above the vehicle will always move, even for small
desired end-effector motions used for fine interaction tasks. This is not always desirable
because the vehicle is generally less fine-tuned than the manipulator arm. In this section
we thus present a combination of the switching approaches presented in Sections 2.4.2.2
and 2.4.2.3 and the approaches presented in Sections 2.4.3.1 and 2.4.3.2 above.

The first thing that the control scheme checks is whether the position or velocity
control is to be applied. We do this by first defining the manipulator workspaceWM with
respect to the vehicle frame Fb. We will define the workspace for position control as a
workspaceWP , somewhat smaller than the manipulator workspaceWM , as illustrated in
Fig. 2.4. Whenever the manipulator is inside this workspace position control is applied.
This is equivalent to the manipulation mode in the previous sections. This allows the
operator to perform accurate manipulation and interaction tasks, possibly with force
feedback.

If the master manipulator is outside the workspace WP , velocity control is applied.
In this case the slave manipulator remains fixed at the limit of the workspace, while the
vehicle velocity is so that the vehicle follows the master end-effector with a mass-spring-
damper characteristics.

We note that the vehicle might continue to move also when the master manipulator
is in manipulation mode, i.e., inside the position workspace WP . However, because we
choose on overdamped characteristic this motion will die out relatively quickly and is
also compensated for by the manipulator arm moving in the opposite direction. The
reason that we choose this characteristic is that this will take the vehicle to a position
which gives improved manipulability to the manipulator arm because it moves away
from the limits. The system is tuned so that the artificial forces of the mass-spring-
damper die out after approximately 20 cm which takes the manipulator to the middle
of its workspace.

The locomotion mode is thus similar to the approach in the previous section with
the exception that we use the distance from the limit of the workspace instead of the
home position. Denote by x̄s the position of the end effector projected into the position
workspace WP , as illustrated in Fig. 2.4. Then the slave position with respect to this
projected position is given by ∆ = xs − x̄s and we will let the vehicle be governed by
Equation (2.4) by replacing δ with ∆, which is substituted into the control schemes
presented above.

For a wheeled robot no instantaneous motion in the direction of the y-axis is allowed,
in which case the torques that act on the vehicle will take the form

τV =




m∆̈x + d∆̇x + k∆x

0
m∆̈y,ψ + d∆̇y,ψ + k∆y,ψ


 . (2.8)
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Figure 2.4: Definition of the workspaces in which the robot is controlled in the locomo-
tion and manipulation modes. Note that the workspace is defined for the manipulator
arm with respect to the vehicle frame Fb, and not the world frame F0. The velocity is
generated by the virtual spring between the master manipulator (gray) and the slave
manipulator (black). The intuitive interpretation of the virtual spring is illustrated by
the spring between the master manipulator and the vehicle.

2.5 Empirical Studies
To verify the efficiency of the proposed approach a simple setup with a mobile manip-
ulator was used. Several inexperienced operators were asked to control the robot to
perform a simple task which required both fine manipulation and locomotion, as well as
switching between the two modes.

2.5.1 Experimental Setup
A standard 6-DoF Phantom haptic device from Sensable was used to control a mobile
manipulator consisting of a Pioneer 3-AT mobile robot with a 7-DoF Cyton arm attached
to it. The local computer communicates with the remotely located on-board computer
via a wireless network. The time delay is minimal and not treated in this paper. The
control is, however, implemented so that it is robust with respect to time delays.

2.5.2 Experimental Results
To verify the control scheme presented we let several inexperienced operators control
the robot. We let the operators perform several different tasks using three different
approaches:
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1. automatic changing between locomotion and manipulation mode using master
workspace, Section 2.4.2.2;

2. automatic changing between locomotion and manipulation mode using slave workspace,
Section 2.4.2.3;

3. control allocation approach, Section 2.4.3.3.

During the experiments, the sequence of the control schemes are randomized to eliminate
the effects of learning the task. The operators were to drive the robot to the other side
of the room, grasp an object, and then drive back. This requires switching between the
operation modes several times, especially for inexperienced operators.

For the master workspace strategy, almost all operators are confused whether it is
the vehicle or the arm that is controlled. This makes it difficult to control the system,
which can also be seen from the execution times and number of failures in Table 2.1.

With the slave workspace, the operators know exactly when the vehicle will move
because the arm has to move to the limit before the vehicle can move. They can perform
the task easily, but since this is a rather simple task—just to grasp an object—they
almost only use the locomotion mode. They have to control the robot so that it passes
the object and take the arm back if they want to control the arm to grasp the object.
Because the arm is at the limit of its workspace when the system moves towards the
object, some operators find it difficult to position the system close enough to the object.

The operators report that the control allocation approach is the most intuitive and
find it fairly simple once they manage to think of the task as controlling the end-effector
motion. They also report that they are able to disregard the vehicle motion when
performing manipulation tasks and also when the vehicle is moving slowly. This makes
the operation more efficient because the switching is hidden from the operator. With
this approach, the operator can easily drive the system close enough to the object to
execute the task. At this position, the arm is close to the center of its workspace so
that it can be controlled in the manipulation mode. This strategy thus takes advantage
of the slave workspace strategy and also eliminates some of the drawbacks of the same
strategy.

To get a more quantitative evaluation the different approaches we timed the operators
performing the task using the three approaches. The average times, number of failures,
and average manipulability of three approaches are shown in Table 2.1. The executing
times of 12 operators are shown in Fig. 2.5 and we see that the control allocation is the
approach that performs the best quite consistently.

Strategy
Master workspace Slave workspace Control allocation

Average duration 71,25 s 64,25 s 52,25 s
Number of fails 21 18 10
Manipulability 0,80 0,68 1

Table 2.1: Average execution times, number of filures, and average manipulability (nor-
malized) to complete the task using the three strategies for 12 inexperienced operators.
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Figure 2.5: Executing times in three strategy of 12 inexperienced operators

We see that the control allocation strategy needs the shortest time to complete the
task, in fact this is the case with almost all the operators. There are two operators that
perform the operation fastest with the master workspace strategy. There are no users
who take the shortest time with the slave workspace strategy. However, almost all the
operators take the longest time in the master workspace strategy and there are three
operators that take the longest time with slave workspace strategy. No-one takes the
longest time with the control allocation strategy.

It seems that the control allocation strategy is the easiest strategy for controlling
the robot. For the master workspace it takes longer to complete the task because the
users found it difficulties to feel the area that separates the two modes.

For future work we will perform a more thorough study of the user experience of the
different approaches and evaluate which approach performs best also for more compli-
cated tasks and in the presence of time delays.

2.6 Conclusion
This paper presents a novel approach for haptic teleoperation of mobile manipulators.
The main contribution of the paper is to allow the operator to control the end-effector
motion in such a way the vehicle will follow automatically and result in a natural and
simple way to control both the manipulator arm and the on-board camera. The operator
does not need to worry about whether the master reference is to be interpreted as
position control of the manipulator or velocity control of the vehicle, as this is handled by
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the control allocation. Experimental work verify the efficiency of the proposed solution.





Chapter 3

Evaluation of Subjective and
Objective Performance Metrics for
Haptically Controlled Robotic
Systems

3.1 Abstract

This paper studies in detail how different evaluation methods perform when it comes to
describing the performance of haptically controlled mobile manipulators. Particularly,
we investigate how well subjective metrics perform compared to objective metrics. To
find the best metrics to describe the performance of a control scheme is challenging
when human operators are involved; how the user perceives the performance of the
controller does not necessarily correspond to the directly measurable metrics normally
used in controller evaluation. It is therefore important to study whether there is any
correspondence between how the user perceives the performance of a controller, and how
it performs in terms of directly measurable metrics such as the time used to perform a
task, number of errors, accuracy, and so on.

To perform these tests we choose a system that consists of a mobile manipulator
that is controlled by an operator through a haptic device. This is a good system for
studying different performance metrics as the performance can be determined by sub-
jective metrics based on feedback from the users, and also as objective and directly
measurable metrics. The system consists of a robotic arm which provides for interac-
tion and manipulation, which is mounted on a mobile base which extends the workspace
of the arm. The operator thus needs to perform both interaction and locomotion using
a single haptic device. While the position of the on-board camera is determined by
the base motion, the principal control objective is the motion of the manipulator arm.
This calls for intelligent control allocation between the base and the manipulator arm
in order to obtain intuitive control of both the camera and the arm. We implement
three different approaches to the control allocation problem, i.e., whether the vehicle or
manipulator arm actuation is applied to generate the desired motion. The performance

43
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of the different control schemes is evaluated, and our findings strongly suggest that ob-
jective metrics better describe the performance of the controller, even though there is a
clear correlation between subjective and objective performance metrics.

3.2 Introduction
Teleoperation and haptic control allow operators to control remotely located objects
from a safe and comfortable location. The main motivation for remotely operated robots
is to relieve humans from entering hostile and dangerous environments and to utilize
robots in areas where humans do not have access. This kind of systems poses several
challenges when it comes to the evaluation of the control scheme, as it is not only the
directly measurable metrics that define the performance of the controller, but also how
the operator perceives the controller.

All teleoperated systems have one thing in common; they are controlled by a human
operator, so how the human operator perceives the controller performance should thus
be an important criterion when designing the controller. It is not straightforward,
however, to find suitable metrics for this kind of subjective performance evaluations.
In this paper we will use the NASA-TLX evaluation scheme to get feedback from the
operators. In addition we will compare the results of the NASA-TLX with that of the
objective metrics, which in this paper are i) the time used to perform a given task, ii)
the number of errors/failures, and iii) the manipulability of the manipulator arm during
the task. The main objective of comparing the subjective and objective metrics is to
gain insight into to what extent these correlate. It is interesting to investigate whether
or not the actual performance of the system is reflected in the feedback that we get from
the operator.

Human factor is an important part in human-robot interaction (HRI) (Goodrich
and Schultz [2007]). NASA-TLX has been widely used to study operators performance
and workload in HRI (Steinfeld et al. [2006]). Measuring human mental workload when
operators perform tasks with telerobotics, has been treated in for example Kiselev and
Loutfi [2012], Adams and Kaymaz-Keskinpala [2004], Kaber et al. [2000a], and Stefanidis
et al. [2010]. Grane and Bengtsson [2005] compare how different types of interfaces
perform in terms of mental workload and Rook and Hogema [2005] used NASA-TLX to
evaluate the effect of human-machine interface design. A relevant work on evaluating
the HRI in vehicle navigation systems has been studied in Ross and Burnett [2001], and
Kaber et al. [2000b] evaluate the effects of workload in a teleoperation task. Goodrich
et al. [2004] proposed behavioral entropy as a technique to estimate human workload in
HRI.

In this paper we use a haptically controlled mobile manipulator to perform the
evaluation tests. The mobile manipulator allows for both locomotion and interaction
tasks, both of which are challenging tasks for the operator and require the controller to
efficiently transmit information about the remote environment to the operator in order
to perform the task. In addition to the manipulator arm the mobile robot is equipped
with a camera that is fixed in one direction in the robot frame, so the operator will have
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a restricted amount of visual information about the environment.
Teleoperated robotic manipulators have long been an active field of research and a

wide variety of controllers have been proposed. Passivity-based controllers are commonly
used to control bilateral teleoperation systems with two-port network representations
(Hokayem and Spong [2006], Jee-Hwan et al. [2004a], Jee-Hwan et al. [2004b]). Energy-
based approaches have also been proposed to obtain stable behavior of the two systems,
for example in Hannaford [1989] and Franken et al. [2011]. Over the last years, however,
we have seen an increased interest also in teleoperation of mobile manipulators, i.e., a
robotic manipulator mounted on a mobile base. This setup has great potential because
it combines two important properties: the mobility of the mobile base and the dexterity
and manipulability of the manipulator arm (Park and Khatib [2006], Seraji [1998],
Farkhatdinov and Jee-Hwan [2008]).

We implement three different control schemes that cannot straightforwardly be sep-
arated in terms of performance and user evaluation, and find the correlation between
the different performance metrics. As the control is implemented on the slave side, the
actual difference between the approaches is rather subtle from the operator’s point of
view, so good performance metrics are essential to be able to distinguish between them.
The main objective is to investigate whether objective and/or subjective metrics can
distinguish between these control schemes, to find any correlation between the metrics,
and to suggest a set of metrics that in a decisive way can quantify the performance of
haptically controlled robotic systems.

3.3 System Setup and Problem Formulation
The system to be studied consists of a standard bilateral teleoperation setup with a
haptic device controlled by a human operator which is used to control a remotely located
robot. The robot consists of a wheeled vehicle with a manipulator arm attached to it.
We will attach a frame Fb to the vehicle and denote the location of Fb with respect
to the inertial frame F0 by the homogeneous matrix g0b and its velocity by the body
velocity twist V̂ B

0b = g−1
0b ġ0b. The configuration of the robotic arm is given by the joint

variables q ∈ Rn in the normal way, and the joint velocities as q̇ = dq
dt ∈ Rn. The position

of the end-effector frame Fe in the world frame is found as g0e = g0bgbe(q) (From et al.
[2010a]). We refer to From et al. [2014a] for a detailed formulation of the kinematics of
vehicle-manipulator systems.

3.3.1 The Control Allocation Problem for Mobile Manipula-
tors

The setup described above calls for the integration of two rather distinct operation
modes: i) accurate manipulation of objects using the robotic arm in the relatively limited
workspace of the manipulator; and ii) locomotion of the vehicle in a possibly very large
workspace. The main challenge is therefore to obtain a control allocation between the
vehicle and the manipulator in such a way that the motion of both the vehicle and the
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Figure 3.1: The coordinates of a mobile manipulator with on-board camera

manipulator arm can be controlled intuitively using the manipulator-like haptic device.
We denote this the control allocation problem for mobile manipulators.

The distribution of control forces between the manipulator and the base to obtain
both manipulation and locomotion is obtained through the control allocation algorithm,
i.e., how to interpret the master reference (6 DoF) as both position and velocity refer-
ences and how to distribute the control forces between the vehicle and the base (3+6
DoF), i.e., the control allocation problem for vehicle-manipulator systems.

In this paper we take the master reference and generate position or velocity references
for the vehicle and manipulator, and we denote this the control allocation problem
because the motion is distributed between the two systems. It is important to note,
however, that we assume that the low-level controllers of the vehicle and manipulators
are such that these references are followed, i.e., we are only concerned with kinematic
control. Once the control allocation is in place, any method for stable teleoperation can
be used, such as passivity- and energy-based approaches.

3.3.2 Problem Formulation
The main motivation of this paper is to gain more insight into how well different metrics
describe the performance of user controlled mechanical systems. The main objective is
to understand whether or not the way the user perceives the controller is reflected in
the actual behavior of the robot in terms of objective and directly measurable metrics.
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We study the correlation between

1. Objective performance metrics

(a) execution time
(b) number of failures
(c) arm manipulability

2. Subjective performance metrics

(a) NASA-TLX
(b) interview.

We will compare three control schemes with similar characteristics and endeavor to
determine whether the objective or subjective metrics best describe the performance of
the system, and in particular if they give the same result.

3.4 Motion Control
In this section, we will briefly introduce what we refer to as the control allocation
problem for vehicle-manipulator systems, i.e., how a reference trajectory is allocated
between the vehicle and the arm. This problem has been studied in detail in Pham and
From [2013].

3.4.1 Control Modes
All of the approaches presented in this paper use the notion of control modes to deter-
mine distribution of control forces. The control modes are described in brief below.

3.4.1.1 Manipulation Mode

This mode is used for fine manipulation and interaction tasks. This is normally im-
plemented as a position-to-position or velocity-to-velocity control scheme. Because the
manipulator arm is generally much more accurate than the vehicle, manipulation mode
is realized through the manipulator arm only while the vehicle is fixed. Thus, as the
vehicle is fixed and we only control the slave robot which is kinematically similar to
the master robot, we can apply any standard control scheme for haptic teleoperation in
this mode. If larger motions are desired, vehicle actuation is required and we switch to
locomotion mode.

3.4.1.2 Locomotion Mode

Whenever a large displacement of the robot is needed the vehicle needs to take care of
this motion. Normally a position-to-velocity control scheme is chosen to allow for an
infinitely large slave workspace. In locomotion mode the vehicle and the arm are used
to obtain large displacements of the end-effector. As the master robot is to control both
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the vehicle and the slave arm, we have two kinematically dissimilar systems. We solve
this by virtually connecting the master end effector to the slave end effector, which is
our primary control objective.

3.4.2 Control Strategies

In this section we present in brief the three control strategies used for the experiments
in this paper. We refer to Pham and From [2013] for a more detailed description of the
control laws.

3.4.2.1 Strategy I - Master workspace strategy

With this strategy, the robot will automatically change between the two control modes
depending on the master position. If the robot is far from the goal, the operator will
move the haptic device far and fast. It is thus natural to define a limit area in the master
manipulator’s workspace so that whenever the master is inside this area, the robot will
be controlled in manipulation mode while we switch to locomotion mode when it moves
out of the area. Using the limits as defined in Fig. 2.3 the mode is chosen corresponding
to the following law:

Mode =





Manipulation if





|zm| ≤ z0
|xm| ≤ x0
|vz| ≤ v0

Locomotion otherwise

(3.1)

where zm and xm are the master positions in the zx-plane of the haptic device and
vz is the master speed in the z-axis of the master frame. z0, x0 and v0 are constant
parameters that define when switching will occur.

When in locomotion mode we allow only for motion of the vehicle which is given by
[
vs
φs

]
=
[
−kv 0

0 −kφ

] [
d1
d2

]
(3.2)

where kv and kφ are proportionality constants; vs and φs are the velocity and the heading
angle of the vehicle in the body frame; and d1 and d2 are defined by the position of the
haptic device, as shown in Fig. 2.3, i.e., the distances from the master’s tip position to
the limit area that is used to define the manipulation mode.

3.4.2.2 Strategy II - Slave workspace strategy

Alternatively we can use the slave workspace to determine the control mode. Like in
Wrock and Nokleby [2011], the system changes automatically from the manipulation
mode to the locomotion mode when the slave manipulator reaches the limit of the
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Figure 3.2: Determining d1 and d2 from the haptic position.

workspace. We thus have

Mode =





Locomotion if





|xs| ≥ xl or |ys| ≥ yl
|xsd| ≥ xl
|ysd| ≥ yl

Manipulation otherwise

(3.3)

where xs and ys are the actual slave positions in the x- and y- axes of the robot frame;
xsd and ysd, that are computed from actual master positions, are the desired slave
manipulator position; and xl and yl are the slave limit positions in the x- and y- axes
of the robot frame, respectively. The locomotion mode using this approach is similar to
the master workspace strategy presented in 3.4.2.1.

3.4.2.3 Strategy III - Control Allocation

In this section we describe the third control scheme, first presented in Pham and From
[2013], which introduces artificial forces between the end-effector and the base.

First we find the manipulator workspace WM with respect to the vehicle frame Fb.
We define the workspace for position control as a workspace WP , somewhat smaller
than the manipulator workspace WM , as illustrated in Figure 2.4. Whenever the ma-
nipulator is inside this workspace, position control is applied. This is equivalent to the
manipulation mode in the previous sections.

If the master manipulator is outside the workspace WP , velocity control is applied.
In this case the slave manipulator remains fixed at the limit of the workspace, while the
vehicle velocity is so that the vehicle follows the master end-effector with a mass-spring-
damper characteristics.

Denote by x̄s the position of the end effector projected into the position workspace
WP , as illustrated in Figure 2.4. Then the slave position with respect to this projected
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position is given by ∆ = xs − x̄s and we will let the vehicle be governed by

F = ∆̈ + d∆̇ + k∆. (3.4)

The following references will give the above characteristics:

• Manipulator arm reference:

V B
0e,r = V B

0e,d −
1
db
F, (3.5)

• Vehicle reference:
V B

0b,r = 1
db
F. (3.6)

This control law is to be interpreted in the following way: The desired end-effector
velocity in the inertial space is given by V B

0e,d. The manipulator reference is obtained by
the Adjoint map Adg (From et al. [2014a]) and subtracting the vehicle motion V B

0b,r, i.e.,

V B
be,r = V B

0e,d − Adgeb V B
0b,r (3.7)

so it only remains to find the reference for the vehicle motion from the desired end-
effector motion. The position, velocity, and acceleration of the end effector with respect
to the vehicle generates a force F given by (3.4) that acts on the vehicle. This force is
transferred into a vehicle motion, or rather the vehicle velocity by (3.6) where db can be
interpreted as the damping on the vehicle. Note that this is different from d which is
the desired damping characteristics as observed from the camera when watching the end
effector. Finally the motion of the vehicle is removed from the desired motion passed on
to the manipulator controller. Note also that the constants in the mass-spring-damper
system (3.4) need to be tuned to avoid saturation in the manipulator workspace.

For a wheeled robot no instantaneous motion in the direction of the y-axis is allowed,
in which case the torques that act on the vehicle will take the form

τV =




m∆̈x + d∆̇x + k∆x

0
m∆̈y,ψ + d∆̇y,ψ + k∆y,ψ


 . (3.8)

3.5 Experiments—Rationale and Methods
Several inexperienced operators were asked to control the robot to perform a simple
task which required both fine manipulation and locomotion. Even though the task itself
is simple, it is hard to perform because the operator only sees the remote workspace
through a narrow camera window. It is further complicated by the kinematic dissimi-
larity of the master and the slave.

Due to these difficulties, particularly for inexperienced operators, we experience a
high number of failures and long execution times for most operators. It is therefore
difficult to compare the performance of the different approaches. The experiments are
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Figure 3.3: Definition of the workspaces in which the robot is controlled in the locomo-
tion and manipulation modes. Note that the workspace is defined for the manipulator
arm with respect to the vehicle frame Fb, and not the world frame F0. The velocity is
generated by the virtual spring between the master manipulator (gray) and the slave
manipulator (black). The intuitive interpretation of the virtual spring is illustrated by
the spring between the master manipulator and the vehicle.

motivated by the observation that it is hard to distinguish the performance of a control
law based on the feedback from the operators, and we would like to investigate further
whether this low discrepancy is due to similar performance of the approaches or because
it is not captured by simply interviewing the operators. To this end, we use subjective
and objective measures to see what best captures the performance of the control laws,
and if the two approaches of measuring performance give the same result.

We perform a series of experiments and measure the performance using both a subjec-
tive workload assessment and measurable metric values to characterize the performance
of the control laws. For the subjective evaluation we use the NASA-TLX test which
gives us an overall workload score calculated from the weighted average of six subcate-
gories. This will give us an idea of how mentally challenging the operators find the task.
The objective evaluation of the task is performed based on execution time, number of
failures, and the mobility of the robot arm during task execution. Our main objective
is to discover discrepancies between the approaches and, if such a discrepancy exists,
evaluate what is the best way to evaluate the performance of an interaction task using
a mobile manipulator.
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3.5.1 Robotic Setup

A standard 6-DoF Phantom haptic device from Sensable was used to control a mobile
manipulator consisting of a Pioneer 3-AT mobile robot with a 7-DoF Cyton arm attached
to it. The local computer communicates with the remotely located on-board computer
via a wireless network. The time delay is minimal and not treated in this paper. The
control is, however, implemented so that it is robust with respect to time delays.

The operator’s view of the remote workspace is through a video image displayed on
a screen only, i.e., there is no direct visual of the robot. The video is captured by a
camera and transmitted to a screen.

3.5.2 Methods

The participants were asked to conduct a specific task which consisted in traversing
a room to pick up an object and put it into a bin. We also placed several obstacles
between the starting point and the destination to enforce a change of direction during
the locomotion. The operators have to control the robot to cross the room and avoid
all obstacles to complete the task. When they arrive at the final destination they have
to pick up an object and place it into the bin, which completes the task. The task is
constructed to force switching between the two control modes.

To verify the control scheme presented we let several inexperienced operators control
the robot. We let the operators perform several different tasks using three different
strategies:

S1. Automatic changing between locomotion and manipulation mode using master
workspace, Section 3.4.2.1;

S2. Automatic changing between locomotion and manipulation mode using slave workspace,
Section 3.4.2.2;

S3. Control allocation approach, Section 3.4.2.3.

To avoid learning effects the sequence of the control schemes is randomized:

• 1/3 of the operators perform the experiments with the sequence of the control
schemes S1-S2-S3

• 1/3 of the operators perform the experiments with the sequence of the control
schemes S2-S3-S1

• 1/3 of the operators perform the experiments with the sequence of the control
schemes S3-S1-S2

To evaluate the performance of the operators the following metrics were used:
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Subjective metrics

The following subjective metrics were used:

• Interview - the operators were asked to describe how each control law performed.

• NASA-TLX - the operators filled in the NASA Task Load Index (NASA-TLX).
The NASA-TLX uses six dimensions to assess mental workload: mental demand,
physical demand, temporal demand, performance, effort, and frustration Rubio
et al. [2004]. After performing each task, the operators provide ratings on each of
the six subscales. The operator is also asked to rate which factors he/she considers
the most important.

Objective metrics

The following objective metrics were used:

• Number of failures - the number of failures for each approach was registered.

• Execution time - the time needed to complete the task (when successful) was
recorded.

• Manipulability - the manipulability of the robot arm during the manipulation
task was recorded, i.e., for the time interval starting when the gripper closes (when
the object is grasped) and until the gripper opens (when the object is dropped
into the bin), and not for the first part of the experiment when only locomotion
mode is used. This gives us an idea of the mobility of the arm and the distance
from singularities during motion.

3.6 Experimental Results and Discussion
In this section we first present the experimental results in Section 3.6.1, followed by a
discussion in Section 3.6.2.

3.6.1 Experimental Results
3.6.1.1 General Feedback

All the operators were interviewed during and after the experiments which gave valuable
feedback regarding their "feel" during the experiments. This is important information
when we later are to evaluate the teleoperation schemes and compare them.

For the master workspace strategy, almost all operators are confused whether it is
the vehicle or the arm that is controlled. The reason for this is probably that the arm
(which is visible for the operator on the screen) does not follow the master, i.e., it can
stop moving as the master enters the locomotion mode. The operators report that this
makes it difficult to control the system.

With the slave workspace, on the other hand, the operators know exactly when the
vehicle will move because the arm has to move to the limit before the vehicle can move.
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They therefore report that they can perform the task more easily. However, since this
is a rather simple task—just to grasp an object—they almost only use the locomotion
mode. The slave workspace strategy allows for this as the manipulator arm is stretched
forward during locomotion mode. The master workspace strategy, on the other hand,
does not necessarily allow for this as the arm may be retracted during locomotion mode.
In principle the operators have to control the robot so that the end effector passes the
object and then move the arm back to grasp the object. Because the arm is at the
limit of its workspace when the system moves towards the object, some operators find
it difficult to position the system close enough to the object. This motivates leaving the
manipulator more in the middle of its workspace during locomotion mode.

The operators report that the control allocation approach is the most intuitive and
find it fairly simple once they manage to think of the task as controlling the end-effector
motion. They also report that they are able to disregard the vehicle motion when
performing manipulation tasks and also when the vehicle is moving slowly. This makes
the operation more efficient because the switching is hidden from the operator. With
this approach, the operator can easily drive the system close enough to the object to
execute the task. At this position, the arm is close to the center of its workspace so
that it can be controlled in the manipulation mode. This strategy thus takes advantage
of the slave workspace strategy and also eliminates some of the drawbacks of the same
strategy.

3.6.1.2 Quantitative Metrics

To get a more quantitative evaluation of the different approaches we measured the
median execution times, number of failures, and median manipulability for each operator
performing the task. We also asked the operators to fill in the NASA-TLX form. A
summary of the results is shown in Table 2.1.

Strategy
Master workspace Slave workspace Control allocation

Execution times 206 s 202 s 174 s
Number of failures 61 48 23
Manipulability 0.727 0.829 1.000
NASA-TLX 60.67 56.83 53.67

Table 3.1: Median execution times, number of failures, median manipulability (normal-
ized), and median NASA-TLX for the three strategies for 24 inexperienced operators.

The executing times of the 24 operators are shown in Fig. 2.5 and Figure 3.5. We
see that the control allocation is the approach that performs the best quite consistently.
There are three operators that perform the operation fastest with the master workspace
strategy and one user who takes the shortest time with the slave workspace strategy.
Figure 3.5 shows the overall performance in terms of execution times and we see that
the control allocation has better performance. This confirms the feedback from the
operators that the third method is the most intuitive.

The number of failures for the three strategies is shown in Figure 3.6 and Figure
3.7. The highest number of failures occurs for the master strategy. This corresponds
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Figure 3.4: The executing times for 24 inexperienced operators performing the three
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Figure 3.5: The median, the maximum, 75th percentile, 25th percentile and minimum
values of executing times.

well with the operators’ "feel"; they reported that they felt confused when they control
the robot using this strategy because the robot can change quite suddenly between
the two control modes when the master moves in or out of the limit area, which can
cause failures. Also the slave strategy has a high number of fail tries. Recall that the
slave manipulator is at the limit of its workspace (stretched out) when the robot moves
towards the object so that it is difficult for operators to put the robot in a good position
to interact with the object. The control allocation strategy has the lowest number of
failures. Also this is natural as the manipulator arm is drawn towards the center of its
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Figure 3.6: The number of failures for 24 inexperienced operators performing the three
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values of number of failures.

workspace and also corresponds well with the feedback from the operators.
For the manipulability metric the control allocation maintains good manipulability

during the grasping operation, as can be seen from Figure 3.8 and Figure 3.9. The control
allocation maintains its high manipulability due to the virtual spring. The master
workspace has a little bit better manipulability than the slave workspace. We will not
put too much into this, however, as the positioning of the arm for the master workspace
approach is random. The slave workspace strategy has the lowest manipulability because
the slave manipulator is normally fixed at the limit of the workspace when in locomotion
mode, which is the main drawback of this strategy.
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Figure 3.8: The manipulability in three strategy of 24 inexperienced operators
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Also for the NASA-TLX the control allocation performs slightly better than the other
approaches, as can be seen from Table 2.1, Figure 3.10 and Figure 3.11. Once again
the control allocation strategy has the best performance with a slight advantage over
the other approaches. There are some minor variations in performance for the different
subcategories, for example the operators clearly feel a higher level of frustration when
using the slave and master workspace strategy compared to the control allocation, while
they feel more stress on temporal demand with the control allocation.
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Figure 3.11: Six different categories evaluated in measuring workload

3.6.2 Discussion

Several different metrics for evaluating the performance of the proposed control schemes
were presented. We divide the metrics into theoretical and directly measurable perfor-
mance metrics on one hand, and subjective metrics such as stress and frustration on the
other. The main purpose of this paper is to evaluate whether objective or subjective
performance metrics best describe the performance of a control law for teleoperation
of mobile manipulators with limited visual feedback from the remote environment, and
whether there is any discrepancy between the approaches.

The results presented in the previous section all suggest that the control allocation
performs better than the other approaches. In this sense the results are fairly consistent,
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even though the number of experiments performed was quite low. It is fair to conclude
from this that the number of experiments performed is sufficient to distinguish between
the different control approaches.

The experiments suggest that the operator actually has a fairly good intuition when
it comes to what control scheme that performs the best, which is not obvious as the
operator only has limited knowledge of what happens on the slave side. In fact, we get
more useful information from the interview process than the NASA-TLX. While the op-
erator certainly has a good notion of how well he does in terms of failures, the execution
times are in many cases very similar and it is probably fair to say that the operator will
not give much thought to the manipulability during the operation. It is therefore not
obvious that these results are mirrored in the interview process and the NASA-TLX.
On the other hand, we believe that the theoretical metrics such as number of failures,
execution time, and manipulability give a better measure of the actual performance;
the number of failures, for example, tells us that the control allocation approach clearly
outperforms the other methods, but this is not clear from the NASA-TLX test. We
see that there is a clear correspondence between the general feedback and the objective
metrics, but this is only partially seen from the results of the NASA-TLX test.

The preliminary results give some early predictions regarding the usefulness of the
evaluation metrics presented and the discrepancy between these. More importantly it
serves as a motivation to investigate this further and shows the importance of being
aware of two rather different ways of measuring the performance of different teleoper-
ation control schemes. The number of operators that performed the test in this paper
is limited, but sufficient to obtain a preliminary conclusion. Although we need more
experiments to get a strong statistical foundation, the results presented give us a clear
indication of the performance of the metrics.

3.7 Conclusion
In this paper we have compared subjective and objective performance metrics for evalu-
ating the performance of different controllers for mechanical systems that are haptically
controlled by human operators. We find that even though subjective metrics based
on the NASA-TLX and interviews give a fair indication of the performance of a control
scheme, the objective and directly measurable evaluation methods represent better met-
rics of performance evaluation. In fact we find that objective metrics such as execution
time, number of failures, and arm manipulability correspond better with the feedback
during the interview than the NASA-TLX, which may come as a surprise, as the in-
tention of the NASA-TLX is to capture the mental workload during operation. Even
though the feedback from the operators is important to get a good understanding of
how a controller performs, the results strongly suggest that objective metrics do better
when it comes to evaluating the performance of different control schemes of systems
controlled by a human operator.
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Chapter 4

An Analytical Approach to
Operational Space Control of
Robotic Manipulators with
Kinematic Constraints

4.1 Abstract
This paper presents a novel control architecture for operational space control when the
end effector or the robotic chain is kinematically constrained. Particularly, we address
kinematic control of robots operating in the presence of obstacles such as point, plane,
or barrier constraints imposed on a point on the manipulator. The main advantage
of the proposed approach is that we are able to control the end-effector motion in the
normal way using conventional operational space control schemes, and by re-writing the
Jacobian matrix we also guarantee that the constraints are satisfied. The most chal-
lenging problem of obstacle avoidance of robotic manipulators is the extremely complex
structure that arises when the obstacles are mapped from the operational space to joint
space. We solve this by first finding a new set of velocity variables for a point on the
robot in the vicinity of the obstacle, and on these new variables we impose a structure
which guarantees that the robot does not hit the obstacle. We then find a mapping
denoted the Constrained Jacobian Matrix from the joint variables to these new velocity
variables and use this mapping to find a trajectory in joint space for which the con-
straints are not violated. We present for the first time the Constrained Jacobian Matrix
which imposes a kinematic constraint on the manipulator chain and show the efficiency
of the approach through experiments on a real robot.

4.2 Introduction
Efficient solutions to collision avoidance for complex kinematic chains in the presence
of obstacles of different shape and form is an extremely challenging problem. The
obstacles impose constraints of different shape and dimension on one or several points

63



64 CHAPTER 4. MANIPULATORS WITH KINEMATIC CONSTRAINTS

on the kinematic chain which results in very complex kinematics when the constraints
are taken into account. Particularly, the mapping from the joint velocities to the end-
effector velocities cannot be found in the standard way by the manipulator Jacobian
when constraints are present.

The main objective of robot control, whether the trajectory is computer generated
or given by an operator through a haptic device, is to control the end-effector motion
to achieve a certain task or obtain a desired behavior. The control signal sent to the
robot is therefore often a joint velocity reference calculated from the desired end-effector
velocity by the inverse of the Jacobian matrix. This mapping does not, however, take
into account the constraints imposed by obstacles in the robot’s workspace. In this paper
we thus propose a Constrained Jacobian Matrix (CJM) that maps the joint velocities
to the end-effector velocities subject to the constraints imposed by the obstacles. The
Constrained Jacobian Matrix gives us a velocity reference for the joints which guarantees
that the constraints are not violated.

In this paper we solve the constrained kinematics problem by first defining a new
set of velocity variables from the desired end-effector velocity in such a way that the
reduced dimensionality due to the constraints are cast into the velocity variables by
imposing a certain structure on these new variables. The velocity variables define a
motion of a point on the robot that is close to the obstacle and the new structure
guarantees that the constraints imposed by the obstacle are obtained. Secondly, we find
the Jacobian matrix, denoted the Constrained Jacobian Matrix, which maps the new
velocity variables into the joint velocities, and thus allows us to find a trajectory in joint
space for which the constraints are not violated. Finally the control is obtained in the
standard way by replacing the standard Jacobian matrix with the Constrained Jacobian
Matrix. Early results were presented in From [2013b]. In this paper we present for the
first time the Constrained Jacobian Matrix when the constraints are imposed on a point
on the kinematic chain and verify the formulation empirically.

As the main control objective of the great majority of the applications found in
robotics is to obtain a desired behavior of the tool, the control law needs to be defined
in the operational space. We thus require a framework which allows the control law to
be formulated in the end-effector frame and at the same time satisfies the kinematic
constraints defined in the inertial frame. The Constrained Jacobian Matrix allows us to
derive such a control law because it maps the joint velocities to the end-effector velocities
subject to the constraints imposed on the robot.

Defining the control law in the end-effector frame allows us to apply control schemes
such as impedance and hybrid control in the tool frame. Hybrid control in the end-
effector space has been studied in detail by many authors and lets the end-effector
space be divided into directions which require stiff control and directions that require
soft compliant control (Natale [2003], Mason [1981], Craig and Raibert [1979], Abbati-
Marescotti et al. [1990], Bruyninckx and De Schutter [1996], Lipkin and Duffy [1988]).
One example in which hybrid or compliant control is required at the end effector and for
which the kinematic chain is constrained is Robotics-assisted Minimally Invasive Surgery
(RAMIS). The constraints imposed by the entry point where the robot enters the human
body require zero lateral velocity in order to not damage the patient (Funda et al. [1996],
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Li et al. [2005], Ortmaier and Hirzinger [2000], Locke and Patel [2007], Lenarčič and
Galletti [2004], Azimian et al. [2010]). Other examples are robot manipulators in a
cluttered environment or mobile manipulators for which the mobile base needs to avoid
hitting obstacles while following a desired trajectory for the end effector.

The paper is organized as follows: In Section 4.4 and 4.5 we present the overall idea
of how the kinematics of a constrained kinematic chain is calculated. The mathematical
representation of the different kinematic constraints are presented in Section 4.6 and
the corresponding Jacobian matrices are found in Section 4.7. A simple study case with
constraints on the chain is presented in Section 4.8 where we also show how the results
from Sections 4.6 and 4.7 are used and how the calculations are carried out in practice.
The experimental results are presented in Section 4.9 and the relevant research and
concluding remarks are presented in Sections 4.3 and 4.10, respectively.

4.3 Related Research
The motion planning problem has been studied by several researchers over the last
decades and a wide variety of approaches have been developed to solve this problem.
In general the problem is quite different for mobile robots and robotic manipulators.
For mobile robots the motion planning problem normally reduces to finding a point
trajectory in a cluttered environment. Even though the problem is easy to formulate it
has shown to be a difficult problem to solve and still remains an active area of research.
However, several results have been obtained over the last three-four decades for efficient
obstacle avoidance of mobile robots. For robotic manipulators on the other hand, the
complex kinematics, the collision avoidance of several bodies, and in particular the
complex geometry of the obstacles when mapped to the high-dimensional joint space
make motion planning extremely hard to solve.

Motion planning for vehicles and mobile robots is the problem of finding a continuous
path from an initial to a final position and orientation without colliding with objects in
the robot’s workspace. This problem is very simple to formulate, but has turned out to
be rather difficult to solve. The very first attempts to solve this problem use the notion
of configuration space (Lozano-Perez [1983], Siciliano et al. [2011]) and use roadmaps
to connect the initial and final position through collision-free paths. Generalized Veroni
diagrams can be used efficiently to solve this problem in an optimal manner in the sense
that the distance to the obstacles is minimized ODunlaing and Yap [1985]. Another early
approach decomposes the collision-free workspace into cells and then find a collision-free
path by connecting the cells so that a collision-free path from the initial to the final
position is found (Schwartz and Sharir [1983a,b]). We refer to LaValle [2006], Canny
[1988] and Latombe [1991] for more details on motion planning of mobile robots and
vehicles.

In the case of robotic manipulators the problem of obstacle avoidance is normally
solved by introducing a potential field pushing the manipulator away from the obstacle
(Khatib [1986]). Normally two types of potential fields are applied to the robot: i) an
attractive potential Ua that pushes the robot end effector towards its desired position
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and a repulsive field Uri that pushes each link of the robot and the robot end effector
away from the obstacles. The total potential field is given by

Ut = Ua +
∑

Uri (4.1)

which can be realized either as a joint torque

τt = −(JSe (q))T∆Ut(pe)−
∑

(JSi (q))T∆Ut(pi) (4.2)

or as joint velocity

q̇t = −(JSe (q))T∆Ut(pe)−
∑

(JSi (q))T∆Ut(pi) (4.3)

where pi for i = 1, . . . ,m are the points of the manipulator that are checked for collision
and JSi is the Jacobian matrix of the same points. The main advantage of Equation (4.2)
is smooth motion obtained as the forces are filtered through the manipulator dynamics.
Equation (4.3), on the other hand, has a quicker response and responds quicker to
trajectory errors or moving objects.

We see that the potential field in principle guarantees that the robot does not hit the
obstacles, as the artificial force pushes the robot away from the obstacle with a higher
force as the distance to the obstacle reduces. Although the strength of the potential
field can be tuned, the formulation does not allow for exact positioning of the robot
with respect to the obstacles. For more complex obstacles like holes and planes we need
to be able to position the robot more accurately in the presence of the obstacle which
calls for an analytical approach to the problem. Furthermore, obstacles such as forcing a
point to lie between two planes are not solved very efficiently by potential fields as they
require two potential fields pushing in opposite directions which may cause unstable and
oscillating behavior. When several forces are present these can also eliminate each other
and the robot can encounter local minima in which it gets blocked.

4.4 System Overview and Problem Formulation

The system discussed in this paper consists of a redundant robotic manipulator in
the presence of obstacles. The redundancy is obtained either by placing a standard
manipulator on a moving base, by utilizing a manipulator with a higher mobility than
the task space, or a combination of these. At some given points in the Cartesian space
we will require that the velocities of the links are eliminated in certain directions to
prevent the robot from hitting an obstacle. The system setup together with the most
important configuration spaces used in this paper are shown in Fig. 4.1. We denote the
frame of the joint located before the constraint located at Fc in the chain by Fa and the
joint that is located after the constraint is denoted Fb. The desired end-effector motion
is given by the frame Fe. We will denote the velocity variables in the following way

V B,S
0e =

[
vex vey vez ωex ωey ωez

]T
(4.4)
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Robot Frame - Fa

Plane Constraint - Fc

Constraints: R
Motion space: S2 × R2 × S1

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

Robot Frame - Fa

End-effector frame - Fe

S2 × R2 × S1 × S2

End-effector frame - Fe

S2 × R × S1 × S2

a
b

a

b

Fb

Figure 4.1: Two examples of the constraints discussed in this paper: on the left, a
hole constraint which prevents any lateral motion of a specific point on the manipulator
chain; and on the right, a plane constraint that restricts the linear motion of a point to
a given direction in the plane. The constrained link is constrained at the point Fc which
in turn results in a reduced motion space at Fa. The motion spaces of the different
frames are subgroups of SE(3) defined by linear motion R, circular motion S, and the
sphere S2.

and similarly for the other frames. V B,S
ij is thus the velocity in body or spatial coordi-

nates of a rigid body with frame Fj with respect to the frame Fi. V B
ij is an element of

the Lie algebra se(3) of the Special Euclidean Group SE(3), and is found as V B
ij = g−1

ij ġij
where gij is the homogeneous transformation matrix describing the location of Fj in Fi.

The problem considered consists of maintaining a stiff control of zero velocity in
certain directions in the presence of obstacles while the end effector follows the de-
sired trajectory. The objective is to obtain a formulation that allows us to control
the end effector using any of the conventional control schemes without violating the
constraints. The approach should thus allow for control schemes such as trajectory fol-
lowing, impedance control, or a combination of stiff and compliant control of the end
effector. Common for all these control schemes is that a formulation which allows the
controller to act on the end effector variables directly is required, and not for example
on the joint variables.

4.5 Constrained Kinematics
The overall goal of this paper is to derive the motion of a kinematic chain given a desired
end-effector motion Fe and a kinematic constraint at a point represented by Fc. In the
next sections we will find the admissible velocities at Fc for different types of constraints
and the corresponding admissible velocities at the last joint prior to the constrained link,
i.e., at Fa. In this section we will present the overall idea of how these relations are used
to find the kinematics of a constrained kinematic chain.

The main idea is to find the velocity V B
0a in terms of a set of new velocity variables

parametrized in such a way that these variables can be chosen freely and at the same time
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guarantee that the constraints at Fc are satisfied. This means that certain directions in
the velocity space are reduced from a higher to a lower-dimensional space represented
by new velocity variables vi.

As our main objective is to follow a desired end-effector motion V B
0e we need to find

the mapping from V B
0e to the free variables, i.e., V B

0a with the reduction in dimensionality
represented by vi. This is obtained in the following way:

1. Define a desired end-effector velocity V B
0e .

2. Given a constraint at Fc, define the velocities at this point which satisfy the
constraints, i.e., the velocities at the previous joint Fa are given by

• the free variables {vax, vay , vaz , ωax, ωay , ωaz}, and
• the constrained variables {v1, v2, v3, . . . }.

The free variables are the ones that can be chosen freely and do not affect the
constraint. The constraint variables require a specific form and structure for the
constraints to be satisfied. We therefore replace some of the free variables with
the constraint variables which gives us the required structure. These variables
thus represent a freedom, but in a space with reduced dimensionality that satisfies
the constraint. The constrained variables are thus written in terms of the free
variables v as

V B
0a = V B

0a(v). (4.5)

3. Eliminate the redundant variables that arise as a result of the reduced dimension-
ality and denote the minimal representation of the velocity variables by V̄ B

0a .

4. Find a mapping from the end-effector velocities V B
0e to the new reduced velocity

variables V̄ B
0a , which take the form

vam =
[
V̄ B

0a
q̇

]
=



constrained variables

free variables
joint velocities


 . (4.6)

The mapping is given by the Constrained Jacobian Matrix Jmea that gives the
important relation V B

0e = Jmeav
a
m, i.e., the transformation from the new reduced

velocity variables vam to the desired end-effector velocities V B
0e .

The joint velocities represent the joints that are determined by the end-effector
velocity V B

0e only and do not depend on the constraints. These are typically the
joints that are situated between the constraint and the end effector. The free vari-
ables are the velocities of Fa that do not depend on the constraint, but differently
from the joint velocities, they depend on the joints between the base and the con-
straint. Finally, the constrained variables are constraint dependent and give the
velocity at Fa the required structure so that the constraints are satisfied.

5. From the new variables, find the robot velocity at Fa.
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We note that there are two main steps. Firstly, we need to find a suitable represen-
tation of the velocity variables, which is discussed in Section 4.6. Secondly, we need to
define the Constrained Jacobian Matrix, which treated in Section 4.7.

4.6 Constraint Kinematics
In this section we derive the kinematics of the constraints. This is used in the next
section to derive the constrained kinematics of the robotic manipulator in the velocity
space, i.e., the Constrained Jacobian Matrix.

4.6.1 Plane Constraint

For a plane-shaped constraint we want to eliminate the velocity at Fc in one direction.
Lets assume that we allow no velocity in the direction of vcy. As this can be written in
terms of the velocities at Fa (prior to the entry point) as

vcy = vay − aωax (4.7)

the constraint vcy = 0 can be transformed to the frame Fa as

vay = aωax. (4.8)

We can now introduce a new variable v1 which describes the one degree of freedom
represented by (4.8). The constrained variables vay and ωax then take the form

vay = v1 ωax = 1
a
v1 (4.9)

which forces a point Fc on the robot to avoid lateral motion in the direction of the
y-axis. The constrained velocity variables at Fa can now be written as




vax
vay
vaz
ωax
ωay
ωaz




=




vax
v1
vaz
1
a
v1
ωay
ωaz




(4.10)

which have five degrees of freedom, as expected. We see that we impose a certain
structure on the velocities at Fa which guarantees that the constraints are satisfied.

4.6.2 Entry Hole

Assume a robotic chain that is inserted through a hole. This add a 2-DoF constraint
to the point of entry, represented by Fc, which is a point on the link penetrating the
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hole. This is for example the case in minimally invasive surgery where the robot is to
be inserted into the abdomen through a trocar.

Similarly with Section 4.6.1, we can incorporate these constraints in the kinematics
by introducing new variables v1 and v2 such that

vax = v1 ωay = −1
a
v1 (4.11)

vay = v2 ωax = 1
a
v2 (4.12)

which for any choice of v1 and v2 will result in zero lateral velocity at the entry point.
The constrained velocities can now be given as




vax
vay
vaz
ωax
ωay
ωaz




=




v1
v2
vaz
1
a
v2
− 1
a
v1

ωaz




. (4.13)

The expressions are found similarly for other types of constraints.

4.7 Constrained Jacobian Matrix
In this section we will find the relation between the desired end-effector velocities and
the corresponding joint velocities subject to the constraints described in the previous
section. Given the end-effector velocity we want to find the free and constrained velocity
variables of the robot. We will find the Constrained Jacobian Matrix Jmea which gives
the relation V B

0e = Jmeav
a
m and the required velocities vam are found from the desired

end-effector velocities by the inverse of the Constrained Jacobian Matrix.
The standard body Jacobian matrix gives the mapping from the joint velocities to

the end-effector velocities in body coordinates and is given by From et al. [2014a]

JBe =
[
X†1 X†2 · · · X†n

]
(4.14)

=
[
Ad−1

g1e X
1
1 Ad−1

g2e X
2
2 · · · Xn

n

]
∈ Rn×6

where X i
i is the constant twist in frame Fi and Ad−1

gie
is the Adjoint matrix that trans-

forms X i
i from frame Fi to X†i represented in the end-effector frame Fe. The body

Jacobian matrix can also be found for other links than the end effector, in which case
it is denoted JBi which gives the velocities of link i. Particularly, the Jacobian matrix
that gives the velocity of the link Fa located before the constraint is denoted JBa .

In this section we will find the body Jacobian matrices, as above, but subject to the
constraints, i.e., we find the mapping from the joint velocity variables to the respective
links subject to a constraint on the velocity at the constraint frame Fc. We will see that
for a large class of constraints the Constrained Jacobian Matrix can be written in the
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form

J̄Ba =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]
∈ Rm×6 (4.15)

for some (n −m)-dimensional constraint. Where the bar in J̄Ba distinguishes the Con-
strained Jacobian Matrix from the standard Jacobian JBa . X

†
i are the manipulator twists

while αi are configuration-dependent functions of the manipulator and constraint kine-
matics. The form of the Constrained Jacobian Matrix depends on the type of constraint.
We will now look at what the constrained Jacobian matrices look like for different types
of constraints.

4.7.1 Plane Constraint

Following the approach in From [2013b] we see from (4.10) that the Constrained Jacobian
Matrix can be found by adding columns two and four of the standard Jacobian, i.e.,

J̄Ba =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]

=
[
X†1 X†2 + 1

a
X†4 X†3 X†5 X†6 X†7

]
∈ R6×6. (4.16)

For a manipulator like the one in Fig. 4.1 with one joint after the constraint the
required expression is given by the expression V B

0e = J̄Ba v
a
m which is found as

V B
0e = Adgeb V B

0b + V B
be (4.17)

with

Adgeb = Adg−1
be

=
[
RT
be −RT

bep̂be
0 RT

be

]

=




1 0 0 0 l7cq7 l7sq7
0 cq7 sq7 −l7 0 0
0 −sq7 cq7 0 0 0
0 0 0 1 0 0
0 0 0 0 cq7 sq7
0 0 0 0 −sq7 cq7




(4.18)

V B
0b =




1 0 0 0 (a+ b) 0
0 1 0 −(a+ b) 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1







vax
v1
vaz
1
a
v1
ωay
ωaz




(4.19)
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V B
be =




0
−l7
0
1
0
0




q̇7. (4.20)

so that V B
0e = J̄Ba v

a
m can be written as

V B
0e =




1 0 0 β1 + l7cq7 l7sq7 0
0 α1 sq7 0 0 −l7
0 b

a
sq7 cq7 0 0 0

0 1
a

0 0 0 1
0 0 0 cq7 sq7 0
0 0 0 −sq7 cq7 0







vax
v1
vaz
ωay
ωaz
q̇7




(4.21)

where we have defined α1 = − b
a

cos q7 − 1
a
l7 and β1 = (a+ b).

The new velocity variables are then found from the inverse of this expression as

vam = (J̄Ba )−1V B
0e . (4.22)

4.7.2 Entry Hole

Similarly, the Constrained Jacobian Matrix can be found as

J̄Ba =
[
X†1− 1

a
X†5 X†2 + 1

a
X†4 X†3 X†6 X†7 X†8

]
∈ R6×6 (4.23)

for a hole-shaped constraint. We have

V B
0e = Adgeb V B

0b + V B
be (4.24)

which for a robot like the one in Fig. 4.1 with two joints after the constraint gives

Adgeb = Adg−1
be

=
[
RT
be −RT

bep̂be
0 RT

be

]

=




1 0 0 0 l7cq7 l7sq7
0 cq78 sq78 −l7cq8 0 0
0 −sq78 cq78 l7sq8 0 0
0 0 0 1 0 0
0 0 0 0 cq78 sq78
0 0 0 0 −sq78 cq78




(4.25)
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V B
0b =




1 0 0 0 (a+ b) 0
0 1 0 −(a+ b) 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1







v1
v2
vaz
1
a
v2
− 1
a
v1

ωaz




(4.26)

V B
be =




0 0
−l7cq8 0
l7sq8 0

1 1
0 0
0 0




[
q̇7
q̇8

]
(4.27)

The expression V B
0e = J̄Ba v

a
m is found as




vex
vey
vez
ωex
ωey
ωez




=




−α1 0 0 l7sq7 0 0
0 −β1 sq78 0 −l7cq8 0
0 β2 cq78 0 l7sq8 0
0 1

a
0 0 1 1

− 1
a
cq78 0 0 sq78 0 0

1
a
sq78 0 0 cq78 0 0







v1
v2
vaz
ωaz
q̇7
q̇8




. (4.28)

Here we have defined α1 = 1
a
(b+ l7cq7), β1 = 1

a
(bcq78 + l7cq8) and β2 = 1

a
(bsq78 + l7sq8).

4.8 Case Study - Hole Constraint on the Chain

We will see how the calculations are carried out through a simple example.
Assume a robotic manipulators as the one pictured to the left in Fig. 4.1 with

6 degrees of freedom before and another 2 degrees of freedom after the constraint.
Assume further that the constraint is a hole, i.e., a 2-DoF constraint given by (4.13).
The kinematic relations are then found as follows:

1. The end-effector velocity is given by V B
0e .

2. The lateral velocities at Fc are required to be zero, which for our choice of reference
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frame gives vcx = vcy = 0. The corresponding velocities at Fa are then found as



vax
vay
vaz
ωax
ωay
ωaz




=




v1
v2
vaz
1
a
v2
− 1
a
v1

ωaz




. (4.29)

3. The reduced variables are then found by eliminating the dependent variables ωax
and ωay :

V̄ B
0a =




v1
v2
vaz
ωaz



. (4.30)

4. The mapping from the end-effector velocities to these new velocity variables can
now be found as




vex
vey
vez
ωex
ωey
ωez




=




−α1 0 0 l7sq7 0 0
0 −β1 sq78 0 −l7cq8 0
0 β2 cq78 0 l7sq8 0
0 1

a
0 0 1 1

− 1
a
cq78 0 0 sq78 0 0

1
a
sq78 0 0 cq78 0 0







v1
v2
vaz
ωaz
q̇7
q̇8




. (4.31)

We see that we have found a mapping from the 6-DoF end-effector space to the
another 6-DoF space represented by a 6-DoF manipulator, a 2-DoF wrist and a
2-DoF hole constraint.

This is suitable for workspace control and at the same time guarantees that the
entry point velocity constraints are satisfied.

5. Finally the robot velocities are found from Equations (4.11-4.12) as



vax
vay
vaz
ωax
ωay
ωaz




=




1 0 0 0
0 1 0 0
0 0 1 0
0 1

a
0 0

− 1
a

0 0 0
0 0 0 1







v1
v2
vaz
ωaz




(4.32)

and the corresponding joint velocities are found from the manipulator Jacobian in
the standard way and fed to the controller together with the joint velocities found
in point (4).



4.9. EXPERIMENTS 75

4.8.1 Singularity Avoidance
We cannot, in general, guarantee that there exists a set of joint velocities vam which gen-
erates the desired end-effector velocities V B

0e . For instance, if the Constrained Jacobian
Matrix J̄Ba is singular, the end-effector motion cannot be generated.

The damped least square (DLS) method to avoid singularities for the manipulator
Jacobian JBa can be written as Siciliano et al. [2011].

V B
0e =

(
JBa
)T (

JBa
(
JBa
)T

+ λ2I
)−1

q̇. (4.33)

We can use the same idea to avoid singularities in the CJM. Assume that we want to
minimize the cost function

f(vam) =
∥∥∥J̄Ba v

a
m − V B

0e

∥∥∥+ λ2 ‖vam‖ (4.34)

We can rewrite this as
∥∥∥∥∥

[
J̄Ba
0

]
vam −

[
V B

0e
0

]∥∥∥∥∥ = 0

[(
J̄Ba
)T

λI

] [
J̄Ba
λI

]
vam =

[(
J̄Ba
)T

λI

] [
V B

0e
0

]

((
J̄Ba
)T
J̄Ba + λ2I

)
vam =

(
J̄Ba
)T
V B

0e

vam =
(
J̄Ba
)T (

J̄Ba
(
J̄Ba
)T

+ λ2I
)−1

V B
0e . (4.35)

Our DLS has the same form as for the standard approach, but the interpretation is
somewhat different. We restrict the velocities in the new variables vam while following
the desired end effector trajectory V B

0e as tightly as possible, which differs from the
standard formulation which restrict the joint velocities directly. We thus avoid the
singularities that arise as a result of the constraints imposed on the chain, and not the
kinematic singularities of the robot arm itself.

4.9 Experiments
To verify the proposed theory a simple setup with a manipulator was used.

4.9.1 Experimental Setup
To verify this theory, we control a manipulator by a haptic device. A standard 6-DoF
Phantom haptic device from Sensable was used to control a Motoman DIA-10, which
is a dual-arm robot. Each arm on the Motoman DIA-10 has 7 axes of motion and
a "human-like" structure. The robot also has a 1-DoF base. We want the robot end
effector to follow the reference, so workspace control is required. The time delay is
minimal and not treated in this paper. The control is, however, implemented so that it
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Figure 4.2: The robot and the constraint
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Figure 4.3: Velocity along x and y axis at the constraint point

is robust with respect to time delays.

4.9.2 Experimental Results
The end effector of the Motoman is to follow the reference from the master without
violating the constraint. We use one arm of the Motoman and the base so the arm has
8 degrees of freedom. We apply the hole constraint on link 6. So we have 6 degrees of
freedom before the constraint and 2 degrees of freedom after the constraint.

The velocities at the constraint are shown in Fig. 4.3. We can see the velocities vcx
and vcy along x− and y−axes, respectively, that are, except for the noise, very close to
zero, which shows that the entry point constraint is satisfied.

In Fig. 4.4, we see how well the actual velocities at the end effector follow the desired
velocities. From Fig. 4.3 and Fig. 4.4, we can conclude that our manipulator satisfies
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Figure 4.4: Linear velocities at the end effector

the constraint while the end effector still follow the desired values. The variances of the
velocities at the constraint and the end effector are calculated to approximately 2.10−6

so we conclude that this is noise in both cases.

An illustration of the robot showing overlaid images is shown in Fig. 4.2. We see
that for a single point on the arm there is no motion in the direction of the x− and y−
axes. A video of the experiments can also be found by following the following link:
http: // youtu. be/ BiLiiD1MR6o .

http://youtu.be/BiLiiD1MR6o
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4.10 Conclusion
This paper solves the constrained motion problem for a robotic manipulator by map-
ping the end-effector velocities to the joint velocities in such a way that the constraints
are guaranteed to be satisfied. We solve this at a kinematic level, i.e., we force the
velocities in certain directions to vanish in order to avoid hitting obstacles. The re-
duced dimensionality due to the constraints are cast into a reduced velocity space by
introducing a new set of velocity variables. The Jacobian is rewritten so that it finds
the mapping to the new velocity variables instead of the joint velocities, and as a result
the constraints are always satisfied. This mapping is denoted the Constrained Jacobian
Matrix and presents us with a solution to the inverse kinematics problem for constrained
manipulators. Experimental results show the efficiency of the approach.



Chapter 5

Dynamic Manipulability of
Velocity-constrained Serial Robotic
Manipulators

5.1 Abstract
This paper presents a new performance metric for serial manipulators with velocity con-
straints on the chain. These systems arise in several different applications such as serial
manipulators in the presence of obstacles and in robotics-assisted minimally invasive
surgery. It is important to know how constraints on the chain affect the mobility of
the end effector and we therefore present a reformulation of the dynamic manipulability
of the end effector for serial manipulators with velocity constraints on the chain. In
this paper we propose to use the Constrained Jacobian Matrix, i.e., an analytical map-
ping between the end-effector and joint velocities that also takes the chain constraints
into account. The approach allows us to compare the dynamic manipulability of serial
manipulators with and without constraints and we show through a simple planar ex-
ample how the dynamic manipulability is reduced as a result of the trocar constraint in
minimally invasive surgery.

5.2 Introduction
The performance and characteristics of constrained robotic systems differ fundamentally
from their non-constrained counterparts. Parallel robots, for example, have several
advantageous properties such as speed and accuracy compared to serial manipulators.
Velocity constraints, on the other hand, tend to reduce the overall performance of the
robotic system, for example when a serial manipulator is inserted into a human body
through a trocar during minimally invasive surgery. This paper endeavors to find an
exact quantification of how much the performance of a robot is reduced in the presence
of these constraints.

Robot control laws are often designed or evaluated based on performance metrics.
One such metric is what is referred to as the manipulability of the robotic arm. The

79
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manipulability of a robotic manipulator tells us in what directions the end effector can
move and how much effort it requires to move in each direction. The manipulability is
often measured by the condition number or the maximum singular value of the Jacobian
matrix, or more illustratively by the manipulability ellipsoid. For redundant systems
the objective is generally to take advantage of the null-space of the robot to find a
trajectory for which the manipulability remains high, or at least above some limit, while
for non-redundant robots the objective is to avoid singular configurations by modifying
the trajectory.

The concept of manipulability of serial manipulators was introduced in Yoshikawa
[1985b] where the kinematic manipulability was defined as the end-effector velocities that
can be realized by a set of joint velocities belonging to a unit sphere. The manipulability
has also been studied in the case of parallel manipulators, in which case the length in one
or more directions of the manipulability ellipsoid can become either zero or infinite (Wen
and Wilfinger [1999] and Park and Kim [1998]). If one direction is zero it means that a
velocity cannot be realized in this direction, this is often referred to as an unmanipulable
singularity. On the other hand, if the length approaches infinity the manipulator cannot
prevent the end effector to move in a certain direction. In this case the passive joints
will move even though all the active joints are locked, which is referred to as an unstable
singularity (Wen and Wilfinger [1999] and From and Gravdahl [2008]).

In Yoshikawa [1985a] the manipulability index was developed further and also the
manipulator dynamics was taken into account. In this case a metric of how well a unit
sphere of joint torques are able to generate end-effector accelerations was derived. The
dynamic manipulability has been developed further in Chiacchio et al. [1992] where the
effects of gravity was included in the formulation and in Chiacchio and Concilio [1998]
where an improved formulation of the redundant case was presented.

In the case of minimally invasive surgery there is a great need to include the dynamics
in the performance metric. As the trocar can be thought of as a pivoting point for the
robot arm, a small motion on one side of the trocar can generate a large motion on the
other side. In a dynamic system, this motion cannot always be realized by the available
torques in the system, which motivates studying the dynamic manipulability for these
systems.

For serial manipulators the Jacobian is defined as the mapping from joint space
velocities to the velocity of the end effector, i.e., the standard analytical or geomet-
ric Jacobian matrix. Similarly, for the dynamic manipulability the mapping from the
joint torques to the end-effector accelerations is used. For parallel manipulators the
manipulability Jacobian is normally found as the mapping from the active joints to the
end-effector space. To find the manipulability of velocity-constrained serial manipula-
tors, however, we need to find a mapping that also takes these constraints into account
as they may have great influence on the dynamic manipulability. In this case, the dy-
namic manipulability cannot be determined in terms of the standard Jacobian matrix so
in this paper we propose to use a modified Jacobian to determine the dynamic manipu-
lability. More specifically we use the Constrained Jacobian Matrix (CJM) introduced in
From [2013a] as a candidate for analyzing the dynamic manipulability of a serial robotic
manipulator subject to one or more velocity constraints on the kinematic chain. The
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CJM finds the mapping between the end-effector velocities and a new set of velocity
variables which again has a one-to-one relation to the joint velocities. As this mapping
takes the constraints into account we can use this to find the dynamic manipulability
of a robotic manipulator subject to these constraints directly.

The paper is organized as follows: Section 5.3 gives an overview of the problem
discussed and sets the framework. Section 5.4 briefly introduces the most relevant
concepts of differential kinematics and introduce the Constrained Jacobian Matrix. The
new dynamic manipulability index for constrained serial manipulators is introduced in
Section 5.5 and a simple example related to robotics-assisted minimally invasive surgery
is shown in Section 5.6.

5.3 System Overview and Problem Formulation

The system discussed in this paper consists of a serial robotic manipulator with one
or more velocity constraints on the kinematic chain. The manipulator arm is normally
redundant to maintain the full mobility of the end effector under chain constraints.
The system setup for these constraints together with the most important configuration
spaces used in this paper are shown in Fig. 5.1. We denote the frame of the joint located
before the constraint at Fc in the chain by Fa and the joint that is located after the
constraint is denoted Fb. The desired end-effector motion is given by the frame Fe. In
this paper we are concerned with the dynamic manipulability of the frame Fe. We will
denote the body velocity variables representing the velocities of Fe with respect to the
base frame F0 in the following way

V B
0e =

[
vex vey vez ωex ωey ωez

]T
, (5.1)

and similarly for the other frames.
We consider robotic manipulators with n joints so that the unconstrained motion is

an n-DoF motion. Furthermore we assume that the constrained motion has m degrees
of freedom so the constraint has dimension n−m. The end-effector space has dimension
r. Denote the joints so that the joint closest to the base is joint 1 and in increasing
order until we reach the last joint and the end effector. We will divide the joints into two
groups where the first group qa consists of all joints that come before the constraint Fc
in the kinematic chain and the second group qb consists of all joints after the constraints.

The problem considered in this paper is to find the dynamic manipulability of these
kinds of kinematic structures, i.e., serial robotic manipulators with "free" end-effector
motion—which means there are no constraints imposed on the end effector itself—but
with one or more kinematic constraints on the kinematic chain. Intuitively this kind of
constraints will potentially drastically reduce the mobility of the system and thus leads
to reduced performance. In this paper we derive a performance metric for thorough
analysis of these systems and study in detail the effects that these constraints have on
the dynamic manipulability of constrained serial manipulator.
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Robot Frame - Fa

Plane Constraint - Fc

Constraints: R
Motion space: S2 × R2 × S1

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

Robot Frame - Fa

End-effector Frame - Fe

S2 × R2 × S1 × S2

End-effector Frame - Fe

S2 × R × S1 × S2

a
b

a

bManipulability
Ellipsoid

Manipulability
Ellipsoid

Figure 5.1: We study the dynamic manipulability of the end-effector frame Fe in the
presence of a constraint at Fc. The figure shows two examples of the constraints dis-
cussed in this paper: on the left, a hole constraint which prevents any lateral motion of
a specific point on the manipulator chain; and on the right, a plane constraint that re-
stricts the linear motion of a point to a given direction in the plane. The motion spaces
of the different frames are subgroups of SE(3) defined by linear motion R, circular
motion S, and the sphere S2.

5.4 Manipulator Kinematics and Dynamics
Dynamics is the study of how joint torques relate to the end-effector accelerations.
Manipulability can be thought of as a measure of how well defined this mapping is for
a given configuration of the robot arm.

5.4.1 Manipulator Jacobian
In this section we will find the relation between the desired end-effector velocities and
the corresponding joint velocities for serial manipulators. The standard body Jacobian
matrix gives the mapping from the joint velocities q̇ to the end-effector velocities V B

0e in
body coordinates which is the mapping From et al. [2014a]

V B
0e = JB0e(q)q̇. (5.2)

The body Jacobian matrix JB0e(q) is found by representing the twist of each joint i
in the end-effector frame, i.e.,

JB0e(q) =
[
X†1 X†2 · · · X†n

]

=
[
Ad−1

g1e X
1
1 Ad−1

g2e X
2
2 · · · Xn

n

]
∈ R6×n,

(5.3)

where X i
i is the constant twist in frame Fi and Ad−1

gie
is the Adjoint matrix that trans-

forms X i
i from frame Fi to X†i represented in the end-effector frame Fe. The body

Jacobian matrix can also be found for other links than the end effector, in which case
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it is denoted JB0i which gives the velocities of link i. Particularly, the Jacobian matrix
that gives the velocity of the link Fa located before the constraint is denoted JBa0.

5.4.2 Constrained Jacobian Matrix
In this section we will find the body Jacobian matrices, as above, but subject to the
constraints, i.e., we find the mapping from the joint velocity variables to the end effector
subject to a constraint on the velocity at the constraint frame Fc. For a large class of
constraints the Constrained Jacobian Matrix can be written in the form From [2013a]

J̄B0e =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]
∈ R6×m, (5.4)

for some (n−m)-dimensional constraint. The bar in J̄Be0 distinguishes the Constrained
Jacobian Matrix from the standard Jacobian JBe0. X

†
i are the manipulator twists (rep-

resented in Fa) while αi are configuration-dependent functions of the manipulator and
constraint kinematics. We refer to From [2013a] for examples of what this matrix looks
like for different types of constraints.

Given the end-effector velocity we want to find the free and constrained velocity
variables of the robot. We will find the Constrained Jacobian Matrix J̄Be0 which gives
the relation V B

0e = J̄Be0v
a
m and the required velocities vam are found from the desired

end-effector velocities by the inverse of the Constrained Jacobian Matrix. These new
velocity variables and the form of the Constrained Jacobian Matrix depends on the type
of constraint. For plane and hole constraints shown in Fig. 5.1, for example, the new
velocity variables are found as




vax
vay
vaz
ωax
ωay
ωaz




=




vax
v1
vaz
1
a
v1
ωay
ωaz







vax
vay
vaz
ωax
ωay
ωaz




=




v1
v2
vaz
1
a
v2
− 1
a
v1

ωaz




, (5.5)

respectively. We can now write the reduced velocity variables as

V̄ B
0a =

[
v1 vax vaz ωay ωaz

]T
, V̄ B

0a =
[
v1 v2 vaz ωaz

]
, (5.6)

respectively. v1 and v2 are the constrained variables while the remaining variables are
denoted the free variables. We now present in brief the main idea of how to find the new
velocity variables and derive the Constrained Jacobian Matrix. The following is taken
from From [2013a]:

The main idea is to find the velocity V B
0a in terms of a set of new velocity variables

parametrized in such a way that these variables can be chosen freely and at the same time
guarantee that the constraints at Fc are satisfied. This means that certain directions in
the velocity space are reduced from a higher to a lower-dimensional space represented
by new velocity variables vi.
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As our main objective is to follow a desired end-effector motion V B
0e we need to find

the mapping from V B
0e to the free variables, i.e., V B

0a with the reduction in dimensionality
represented by vi. This is obtained in the following way From [2013a]:

1. Define a desired end-effector velocity V B
0e .

2. Given a constraint at Fc, define the velocities at this point which satisfy the
constraints, i.e., the velocities at the previous joint Fa are given by

• the free variables {vax, vay , vaz , ωax, ωay , ωaz}, and
• the constrained variables {v1, v2, v3, . . . }.

The free variables are the ones that can be chosen freely and do not affect the
constraint. The constrained variables require a specific form and structure for the
constraints to be satisfied. We will therefore replace some of the free variables with
the constrained variables which gives us the required structure. These variables
thus represent a freedom, but in a space with reduced dimensionality that satisfies
the constraint. The constrained variables are thus written in terms of the free
variables v as

V B
0a = V B

0a(v). (5.7)

3. Eliminate the redundant variables that arise as a result of the reduced dimension-
ality and denote the minimal representation of the velocity variables by V̄ B

0a . The
variables will now take the form shown in (5.6).

4. Find a mapping from the end-effector velocities V B
0e to the new reduced velocity

variables V̄ B
0a , which will take the form

vam =
[
V̄ B

0a
q̇b

]
=



constrained variables

free variables
joint velocities


 . (5.8)

The mapping is given by the Constrained Jacobian Matrix J̄Be0 that gives the
important relation V B

0e = J̄Be0v
a
m, i.e., the transformation from the new reduced

velocity variables vam to the desired end-effector velocities V B
0e . The joint velocities

represent the joints that are determined by the end-effector velocity V B
0e only and

do not depend on the constraints. These are typically the joints qb that are situated
between the constraint and the end effector. The free variables are the velocities of
Fa that do not depend on the constraint, but differently from the joint velocities,
they depend on the joints qa between the base and the constraint. Finally, the
constrained variables are constraint dependent and give the velocity at Fa the
required structure so that the constraints are satisfied.

5. From the new variables, find the robot velocity at Fa.

We refer to From [2013a] for details on this topic.
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We note that there are two main steps: First we need to find a suitable representation
of the velocity variables and define the Constrained Jacobian Matrix which gives us V̄ B

0a
and q̇b. Then we find V B

0a from V̄ B
0a and finally the joint velocities q̇a from V B

0a by the
standard Jacobian matrix.

The kinematics of a serial robotic manipulator with chain constraints is now found
by the two kinematic relations

V B
0e = J̄B0e(q)vam (5.9)
V B

0a = JB0a(q)q̇a, (5.10)

where J̄Be0(q) is the Constraint Jacobian Matrix and JBa0(q) is the standard body geo-
metric Jacobian that gives the mapping from the (first m) joints q̇a to joint Fa. We will
see examples of these matrices in Section 5.6.

For robotics-assisted minimally invasive surgery with hole constraints, for example,
the variables become

V̄ B
0a =




v1
v2
vaz
ωaz




= J̄B0a(q)q̇a. (5.11)

Using (5.10) we can rewrite the (5.9) as

V B
0e = J̄B0e(q)vam

= J̄B0e(q)
[
J̄B0a(q)q̇a

q̇b

]

= J̄B0e(q)
[
J̄B0a(q) 0

0 I

]
q̇

= J̄B0e(q)JA(q)q̇
= J(q)q̇ (5.12)

where

JA(q) =
[
J̄B0a(q) 0

0 I

]
(5.13)

is found directly from Equation (5.12) and we define

J(q) = J̄B0e(q)JA(q). (5.14)

5.4.3 Manipulator Dynamics

The dynamic equation of a robotic manipulator is given by

M(q)q̈ + C(q, q̇)q̇ +N(q) = τ, (5.15)
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where q represents the joint variables, M(q) is the inertia matrix, C(q, q̇) represent the
Coriolis and centrifugal forces, N(q) the potential forces, and τ is the joint torques. We
will omit the dependencies on q to reduce notation.

5.5 Manipulability
In this section we briefly review the kinematic and dynamic manipulability measures of
robots as presented in literature.

5.5.1 Manipulability
Given the manipulability Jacobian JM ∈ Rr×n, the (kinematic) manipulability matrix
is given by

W = JMJ
T
M , (5.16)

and the manipulability measure as

w =
√

det
∣∣∣JMJT

M

∣∣∣. (5.17)

For non-redundant robots where r = n, the manipulability measure is given simply
by

w = |det JM | . (5.18)

The manipulability ellipsoid is found by the eigenvalues and Eigenvectors of the
manipulability matrix W . Let the singular value decomposition of JM be written as
Yoshikawa [2003]

JM = UΣV T (5.19)

where

Σ =




σ1 0 · · · 0 ... 0
0 σ2 · · · 0 ... 0
... ... . . . 0 ... 0
0 0 · · · σr

... 0




(5.20)

with σ1 ≥ σ2 ≥ · · · ≥ σr. The manipulability measure can now be written as

w = σ1σ2σ3 · · ·σr. (5.21)

Furthermore the manipulability ellipsoid is the ellipsoid with principal axes σ1u1, σ2u2, . . . , σrur
where ui are the columns of U .

We can find the manipulability measure for constrained robotic arms. The manipula-
bility measure is found by (1.16), so it only remains to find the manipulability Jacobian,
which is found in the following way:

• Serial manipulators: The standard Jacobian matrix JB0e(q).
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• Parallel manipulators: The Jacobian map from the active joint velocities to the
end-effector velocities.

• Constrained serial manipulators: The Jacobians J̄Be0(q) and JBa0(q) found in Equa-
tions (5.9) and (5.10).

5.5.2 Dynamic Manipulability
The dynamic manipulability was studied in detail in Yoshikawa [1985a] and Chiacchio
and Concilio [1998]. In the general case, if the bounds of each joint torque are not equal,
we scale the torques to obtain the unit sphere by

τ̄ = L−1τ, (5.22)

where L = diag(τmax1 , . . . , τmaxn ) is the scaling matrix.
Differentiating Equation (5.12), we obtain

V̇ B
0e = Jq̈ + J̇ q̇. (5.23)

Following the procedure in Yoshikawa [1985b], Chiacchio and Concilio [1998], we
have the dynamic manipulability measure given by

ωd =
√

det |J(QTQ)−1JT |, (5.24)

with Q = L−1M .

5.5.3 The Manipulability Measure for Constrained Kinematic
Chains

The manipulability of constrained serial manipulators needs to be found in two steps.
We first look at the manipulability of the end effector assuming the first joints qa can
generate the required motion. This mapping depends only on the geometry of the
constraint and the links qb located after the constraint. This is given by (5.9).

The Constraint Jacobian Matrix J̄Be0(q) tells us whether it is possible to generate
an end-effector velocity V̄ B

0e using the new velocity variables vam, i.e., whether the con-
strained velocities V B

0a and the joints after the constraint can generate the desired end-
effector velocities. The condition number and singularity analysis of this matrix thus
gives the effects of the constraints on the manipulability. This depends only on the
kinematics of the constraint itself and the kinematics of the joints after the constraint.

The manipulability ellipsoid is given by choosing JM = J̄Be0(q), and thus gives the
manipulability in the directions of the end-effector frame V B

0e . The interpretation of this
is as follows:

It gives us the mobility of V B
0e given V B

0a and q̇b. We see that because we use V B
0a the

mobility depends on the constraint. We thus interpret this as the constraint-dependent
manipulability of the system, and denote this the Constrained Manipulability Measure
(CMM).
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In the above we have assumed that the robot can always generate the desired mo-
tion V B

0a . This is of course not always the case. We thus need to find the same per-
formance measure for V B

0a . This is similar to the standard manipulability measure for
non-constrained serial manipulators.

The manipulability of the standard geometric Jacobian JBa0(q) is a measure of how
efficiently the manipulator can generate the motion V B

0a required to generate the desired
end-effector motion V B

0e . This is thus equivalent to the standard manipulability analysis
of a serial manipulator, but with respect to joint Fa as opposed the the end effector Fe.
We will denote this the Manipulator Manipulability Measure (MMM).

The CMM and MMM together give a measure of the manipulability of a constrained
serial manipulator. If the manipulability ellipsoid of both these are non-vanishing we
know that an arbitrary motion can be realized in the end-effector space, even though
there are constraints on the kinematic chain. Furthermore, the manipulability ellipsoids
gives us valuable information about the cause of the singularity and how it can be
resolved.

5.5.4 The Dynamic Manipulability Measure for Constrained
Kinematic Chains

In the general case the Jacobian matrix J is not a square matrix and it does not take
into account the constraints, as these are only implemented in Equation (5.5) and not
the Jacobian itself. We need to add constrained equations in this matrix to have a new
Jacobian matrix. From Equations (5.5) and (5.10), for example, we can have constrained
equations for hole constraints in the form

vax + aωay = 0 and vay − aωax = 0, (5.25)

where



vax
vay
ωax
ωay




=




Jvax
Jvay
Jωax
Jωay



q̇a. (5.26)

From this we find the relation
[
Jvax + aJωay
Jvay − aJωax

]
q̇a = 0. (5.27)

Extend the above equation from q̇a to q̇, and we have
[
Jvax + aJωay 0
Jvay − aJωax 0

]
q̇ = 0, (5.28)
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and the constraints are defined by the matrix

Jc =
[
Jvax + aJωay 0
Jvay − aJωax 0

]
. (5.29)

To find dynamic manipulability of constrained manipulator, we have to combine J
in (5.12) and Jc in (5.29) into one Jacobian JC describing the whole system

JC =
[
J

Jc

]
. (5.30)

Here, JC has two parts: i) J gives us information about the end-effector velocities, and
ii) Jc gives us information about the velocities at the constraints.

We will now use JC to compute the dynamic manipulability measure for the con-
strained manipulator. In the constrained case Equation (5.24) thus becomes

ωd =
√

det |JC(QTQ)−1JTC |. (5.31)

It is important to note that ωd gives us more information than just the overall manip-
ulability of the system. The first entries of the manipulability ellipsoid that correspond
to Equation (5.31) above give us the manipulability of the end-effector in the normal
way. The last entries give us the manipulability at the entry point. This thus tells us
whether we are able to maintain zero velocity at this point. Thus, in order to be able to
follow the end-effector trajectory and also maintain zero velocity at the incision point
ωd must be non-zero.

5.6 Case Study—Dynamic Manipulability of a Se-
rial Manipulator with Hole Constraints

In this section we study a simple and intuitive example of a planar robot. We compare
the manipulability of a 3-DoF robot without constraints on the chain, and a 4-DoF
robot with a 1-DoF constraint imposed on the chain. The two systems are not equal or
directly comparable, so to get an idea of how the constraint affects the manipulability
we find the manipulability index for several different joint positions in both cases and
compare these.

The 4-DoF manipulator has 3 joints before and 1 joint after a hole constraint. As-
sume further that all joints rotate around the z-axes, both for the constrained and
unconstrained case. In both cases we only use joint positions that do not violate the
constraint, i.e., around the zero pose q = 0. The two robots are shown in Figures 5.2
and 5.3.

The kinematic manipulability is shown in Fig. 5.4 where we can see that the two
surfaces have the same shape with and without constraint, but the manipulability is
about three times lower with the constraint imposed on the chain. Recall that we use
the body velocity of the end effector. Thus, the manipulability in this frame will not be
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Robot Frame - Fa

Hole Constraint - Fc

End-effector Frame - Fe
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Figure 5.2: The constrained case: a 4-DoF planar robot with a 1-DoF constraint on the
third link

End-effector Frame - Fe

x

x

y

y

z

Figure 5.3: The non-constrained case: a 3-DoF planar robot with no constraints on the
links

affected to a large extent by small changes in the position of this joint around the home
position. This is true both for the constrained and non-constrained case.

For the dynamic manipulability shown in Fig. 5.5 we also note that the manipula-
bility is generally higher for the non-constrained case, as expected. We also note that in
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Figure 5.4: The kinematic manipulability index for a robotic manipulator with and
without hole constraint
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Figure 5.5: The dynamic manipulability index for a robotic manipulator with and with-
out hole constraint

addition to having a lower maximum manipulability measure, the constrained case also
decreases faster than the non-constrained case. The dynamic manipulability depends
on both joints, which is reasonable because the joints are not free, but related through
the new variables v1, v2, . . . due to the constraint.

More interestingly we note that the maximum manipulability is located at different
joint position when the chain constraint is imposed. This means that we need to take the
constraint into account not only when considering the robot’s workspace, but also when
it comes to maintaining a sufficiently high manipulability and avoiding singularities.
The optimal trajectory in the constrained case will deviate from the optimal trajectory
in the non-constrained case, and as can be seen from Fig. 5.5 the two can actually be
quite different.
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5.7 Conclusion
In this paper we have proposed a new dynamic manipulability measure for constrained
serial manipulators. The manipulability measure allows us to study the performance of
several important robotic systems such as the ones used for minimally invasive surgery.
Through simple examples we have shown how the kinematic and dynamic manipula-
bility changes when a hole constraint is imposed on the kinematic chain. While the
kinematic manipulability changes mainly in size and maintains its shape for different
joint positions, the dynamic manipulability is completely changed both in size and shape
when the constraint is introduced, so the trajectory planner and control law should take
these considerations into account to maintain good manipulability at all times.



Chapter 6

Analysis of a Moving Remote
Center of Motion for
Robotics-Assisted Minimally
Invasive Surgery

6.1 Abstract
This paper presents a novel control architecture for controlling a moving remote center
of motion in addition to the end-effector motion during robotic surgery. In minimally
invasive surgery, it is common to require that the point at which the robot enters the
body, called the incision point or the trocar, does not allow for any lateral motion.
It is generally considered that no motion should be applied to this point in order to
avoid inflicting damage to the patient’s skin. However, in surgery, the patient’s body
may be moving, for example due to breathing or the beating of the heart. In order to
compensate for this motion—or if we for some other reason want to leverage the possible
motion of the incision point to improve performance in any other way—we derive a new
framework which allows us to actively control the motion both at the incision point
and the end effector. The novelty of the approach lies in the possibility of controlling
both the incision point and the end effector to follow a trajectory, and that we find a
Jacobian matrix that satisfies the velocity constraints in both the end-effector and the
incision point frames. This allows us to formulate a framework that is not only suited
for control, but also for analyzing the condition number of the Jacobian and avoid any
singular configurations that may arise either as a result of the constrained motion or
the manipulator geometry. The approach is verified experimentally on a redundant
industrial manipulator.

6.2 Introduction
Robotic surgery has become one of the most promising applications of robotic technology
in health care. In particular we have seen a growing interest in minimally invasive surgery
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(MIS) using robots, which is characterized by the tools being inserted through small
holes in the patient body. MIS leads to less patient trauma, shorter recovery times and
lower overall risk compared to conventional open surgery. In robotics-assisted minimally
invasive surgery (RAMIS) the end effector is attached to a long and thin shaft used to
penetrate the skin through a small opening called the trocar, or the incision point. To
avoid damaging the patients’ tissues at the incision point, it is common to require that
the lateral displacements at this point is kept to a minimal.

The constraints imposed by the entry point are commonly referred to as the Remote
Center of Motion (RCM), which has been studied by several researchers. Early results
solved the motion constraints as a general optimization problem, for example in Funda
et al. [1996]. In Ortmaier and Hirzinger [2000], the RCM kinematics was derived and
used to estimate the position of the entry point for a robot with passive joints. The
passive joints guarantee that no forces are exerted to the entry point. In Locke and Patel
[2007] the kinematic model was used to derive an optimization technique that allows
isotropy of the surgical tool to be evaluated subject to the RCM constraint. Trocar
kinematics was also discussed in Mayer et al. [2004].

In the setting of minimally invasive surgery, Deal et al. [2012] presented a method for
stiff control at the entry point and compliant control at the end effector. A combination
of hybrid force/position control and Natural Admittance Control (NAC), Glosser and
Newman [1994], was used to satisfy the portal constraints and at the same time allows
for compliant behavior at the end-effector. The resulting controller divided the control
efforts into a 2-DoF stiff control at the entry point and a 4-DoF NAC controller at the
end effector.

Azimian et al. [2010] used the concept of task priority and restricted Jacobian to
derive the constrained motion in terms of the trocar and manipulator geometry. The
end-effector motion was found in the standard way from the manipulator Jacobian,
which was taken from the null space of the constraint Jacobian of the entry point.
The constraint Jacobian was found in the normal way by the mapping from the joint
space velocities to the lateral linear velocities of the RCM point. The constraints at the
incision point were given first priority and the end-effector motion was given a secondary
priority as this was taken from the null space of the first Jacobian Nakamura [1991]. The
approach depended on the kinematics of both the robotic manipulator and the trocar.

Marinho et al. [2014] used a dual quaternion-based kinematic controller to maintain
the RCM while the tool movement references are generated by surgeons. Aghakhani
et al. [2013] proposed a formalization of the RCM constraint that explicitly models
translation along the link axis and therefore allows direct control of a variable repre-
senting a link penetration into a patient’s body.

The main motivation in all of the above work is to guarantee zero lateral motion
at the incision point, which was obtained either through the control loop, or by a dual
parallelogram design of the robot. There are, however, situations where we do not
necessarily want the velocity at this point to be zero, but to follow a given trajectory.
Heavy breathing and a strong heartbeat cause the patient’s skin to move, which one
might want to compensate for in extreme situations. Kapoor et al. [2006] used the
concept of a “soft” customized virtual fixture and the entry port be constrained within
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a region. If the tool is outside of the region, the surgeon experiences some resistances and
no motion that moves the tool outside of the outer region is permitted. The approach
allows the tool move freely in a defined region that is just a bigger entry port.

In this paper we thus propose an alternative approach to the RCM problem where
we actively control the velocity both at the trocar and at the end effector. The approach
is particularly useful when the operator controls the end effector through a haptic de-
vice, while the incision point is controlled by a computer, for example to follow the
patient’s breathing. We show through experimental results that we are able to control
the end effector using a haptic device and at the same time are able to let the incision
point follow a pre-planned trajectory, that for example simulates the effects of a heavily
breathing patient. In the more general case we note that the same approach can be
applied to obstacle avoidance of a point on a robotic arm while following an end-effector
velocity. Furthermore we show that we can predict singular configurations by studying
the condition number of the novel Jacobian matrix. This Jacobian matrix is obtained in
a similar way as the Constrained Jacobian Matrix presented by the authors in previous
publications Pham et al. [2014a] for a non-moving RCM, but we modify it to also take
into consideration a moving incision point.

The paper is organized as follows: nn Section 6.3 we present the overall idea of
how the kinematics of a constrained kinematic chain is calculated. The mathematical
representation of the different kinematic constraints is shown in Section 6.4 and the
corresponding Jacobian matrices are found in Section 6.5. Singularity of the system is
studied and dealt with in Section 6.6. The experimental results are presented in Section
6.7 and concluding remarks are presented in Section 6.8.

6.3 System Overview and Problem Formulation
The system discussed consists of a redundant robot manipulator we want to control the
motion at the end effector and an additional point at the robotic chain named the trocar
point. The system setup together with the most important configuration spaces used in
this paper are shown in Fig. 6.1. We denote the frame of the joint located before the
incision point, that is located at Fc in the chain, by Fa and the joint that is located
after the incision point is denoted Fb.

We want to control the lateral velocities at the incision point, i.e., the velocity
variables vcx and vcy in the frame Fc. This is illustrated in Fig. 6.1 for a one- and
two-dimensional motion at Fc.

The desired end-effector motion is given by the frame Fe. We will denote the velocity
variables in the following way

V B
0e =

[
vex vey vez ωex ωey ωez

]T
(6.1)

and similarly for the other frames. V B
ij is thus the velocity in body coordinates of a rigid

body with frame Fj with respect to the frame Fi. V B
ij is an element of the Lie algebra

se(3) of the Special Euclidean Group SE(3), and is found as V B
ij = g−1

ij ġij where gij is
the homogeneous transformation matrix describing the location of Fj in Fi.
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Robot Frame - Fa

Plane Constraint - Fc

Constraints: R
Motion space: S2 × R2 × S1

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

Robot Frame - Fa

End-effector frame - Fe

S2 × R2 × S1 × S2

End-effector frame - Fe

S2 × R × S1 × S2

a
b

a

b

Fb

Figure 6.1: Two examples of the constraints discussed in this paper: on the left, a
hole constraint which prevents any lateral motion of a specific point on the manipulator
chain; and on the right, a plane constraint that restricts the linear motion of a point to a
given direction in the plane. The constrained link is constrained at the point Fc which,
in turn, results in a reduced motion space at Fa. The motion spaces of the different
frames are subgroups of SE(3) defined by linear motion R, circular motion S, and the
sphere S2.

In this paper we consider a redundant robot with eight revolute joints, so that six
DoF are used for controlling the end effector and the remaining two DoF are used to
control the incision point. All the equations to be presented stand for a robot whose the
last two joints located inside the human body are assumed to rotate around the x-axis.

The problem considered is similar to the remote center of motion problem which
consists of maintaining a stiff control of zero velocity in certain directions while the end
effector follows the desired trajectory. For RCM we normally allow all motions at Fc
to be chosen freely, except the linear motion in the x- and y-directions. The rotational
motion around all axes and the linear motion in the direction of the z-axis (which is
chosen parallel to the shaft) can thus be chosen freely as these do not affect the RCM.
In this paper, differently from conventional RCM found in literature, we also allow a
linear motion in the x- and y-directions. We do not allow any motion, however, because
these directions do affect the RCM, but we allow either a small motion to improve the
overall performance, or to follow the trajectory of Fc when this is moving.

6.4 Constraint Kinematics
In this section, we derive the kinematics of the robot manipulator in order to control
the velocity at two points on the manipulator chain. We first find the kinematics for
the conventional RCM, i.e., when the lateral motion is required to have zero velocity.
This is similar to the approach presented in From [2013b]. We then find the formulation
when the lateral velocities are required to follow a pre-defined trajectory, while the
other directions at the incision point can be chosen freely, which together with Section
6.5 represents the main contribution of the paper.
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6.4.1 Fixed Point

Assume a robotic chain that is inserted through a hole. This adds a 2-DoF constraint
to the point of entry, represented by Fc, which is a point on the link penetrating the
hole. The velocities at the entry point and the zero velocity constraint can be written
in terms of the velocities at Fa as

vcx = vax + aωay , vax = −aωay , (6.2)
vcy = vay − aωax, vay = aωax, (6.3)

where we need to know the distance a from the joint prior to the constraint to the
entry point (see Fig. 4.1). We can incorporate these constraints in the kinematics by
introducing new variables v1 and v2 such that

vax = v1 , ωay = −1
a
v1 , vay = v2 , ωax = 1

a
v2 , (6.4)

which for any choice of v1 and v2 will result in zero lateral velocity at the entry point.
The constrained velocities can now be given as



vax
vay
vaz


 =



v1
v2
vaz


 ,



ωax
ωay
ωaz


 =




1
a
v2
− 1
a
v1

ωaz


 . (6.5)

6.4.2 Trajectory Following

This is similar to Section 6.4.1 with the difference that vcx and vcy are not zero but equal
desired values vcxd and vcyd. So we have

vcx = vcxd , vcx = vax + aωay , (6.6)
vcy = vcyd , vcy = vay − aωax. (6.7)

We can incorporate these constraints in the kinematics by introducing new variables
v1 and v2 in (6.6)-(6.7) such that

vax = v1 , ωay = −1
a
v1 + 1

a
vcxd, (6.8)

vay = v2 , ωax = 1
a
v2 −

1
a
vcyd. (6.9)



98 CHAPTER 6. ROBOTICS-ASSISTED MINIMALLY INVASIVE SURGERY

The constrained velocities can now be given as



vax
vay
vaz
ωax
ωay
ωaz




=




v1
v2
vaz

1
a
v2 − 1

a
vcyd

− 1
a
v1 + 1

a
vcxd

ωaz




=




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1

a
0 0 0 − 1

a

− 1
a

0 0 0 1
a

0
0 0 0 1 0 0







v1
v2
vaz
ωaz
vcxd
vcyd




= Jcv
ac
d (6.10)

6.5 Constrained Jacobian Matrix
In this section, we will find the mapping from the desired end-effector and incision point
velocities to the corresponding joint velocities subject to the constraints described in
the previous section. The standard body Jacobian matrix gives the mapping from the
joint velocities to the end-effector velocities in body coordinates and is given by From
et al. [2014a]:

JBe =
[
X†1 X†2 · · · X†n

]
∈ Rn×6

where X†i = Ad−1
gie
X i
i for i = 1, · · · , n − 1. X i

i is the constant twist in frame Fi and
Ad−1

gie
is the adjoint matrix that transforms X i

i from frame Fi to X†i represented in the
end-effector frame Fe. The body Jacobian matrix can also be found for other links
than the end effector, in which case it is denoted JBi which gives the velocities of link
i. Particularly, the Jacobian matrix that gives the velocity of the link Fa located before
the constraint is denoted JBa .

In this section, we also impose a constraint on the motion of Fc. We will see that
for a large class of constraints the Constrained Jacobian Matrix can be written in the
form

J̄Ba =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]
∈ Rm×6 (6.11)

for some (n − m)-dimensional constraints where the bar in J̄Ba distinguishes the Con-
strained Jacobian Matrix from the standard Jacobian JBa . X†i are the manipulator
twists while αi are configuration-dependent functions of the manipulator and constraint
kinematics. It is worth mentioning that the form of the Constrained Jacobian Matrix
depends on the type of constraint.

When the entry point is to follow a trajectory in the xy-plane (at Fc) we will see
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that we can use the same Jacobian (6.11) as above.

We have V B
0e = Adgeb V B

0b + V B
be ,

whose elements take the slightly different form

V B
0b =




1 0 0 0 (a+ b) 0
0 1 0 −(a+ b) 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1







v1
v2
vaz

1
a
v2 − 1

a
vcyd

− 1
a
v1 + 1

a
vcxd

ωaz




V B
be =




0 0
−l7cq8 0
l7sq8 0

1 1
0 0
0 0




[
q̇7
q̇8

]
, (6.12)

where sq8 and cq8 are sin (q8) and cos (q8), respectively. Finally, the expression for V B
0e

can now be written as



vex
vey
vez
ωex
ωey
ωez




=




−α1 0 0 l7sq7 0 0
0 −β1 sq78 0 −l7cq8 0
0 β2 cq78 0 l7sq8 0
0 1

a
0 0 1 1

− 1
a
cq78 0 0 sq78 0 0

1
a
sq78 0 0 cq78 0 0







v1
v2
vaz
ωaz
q̇7
q̇8




+




1 + α1 0
0 cq78 + β1
0 sq78 − β2
0 − 1

a
1
a
cq78 0
− 1
a
sq78 0




[
vcxd
vcyd

]
. (6.13)

Here, we have defined α1 = 1
a
(b+l7cq7), β1 = 1

a
(bcq78+l7cq8) and β2 = 1

a
(bsq78+l7sq8).

Moreover, sq7, sq78 and cq78 are sin (q7), sin (q7 + q8) and cos (q7 + q8), respectively. We
now introduce the new variable
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V B
0em =




vex
vey
vez
ωex
ωey
ωez




︸ ︷︷ ︸
V B0e

−




1 + α1 0
0 cq78 + β1
0 sq78 − β2
0 − 1

a
1
a
cq78 0
− 1
a
sq78 0




︸ ︷︷ ︸
Jvc

[
vcxd
vcyd

]
. (6.14)

Combining (6.13) and (6.14) gives

V B
0em = J̄Ba v

a
m , (6.15)

where J̄Ba is the matrix in (6.13). We thus see that we first find V B
0em from (6.14) which

allows us to find the required velocities vam by inverting the expression in (6.15).

6.6 Dealing with Singularities

Considering our robot geometry, the singularity appears at q7 = 0. This joint position
is almost impossible to avoid, and we thus need to deal with this in a different manner.

According to the kinematic control approach, the required velocities vam in (6.15) are
the velocity control signals u that could be applied to the robot joints as u=(J̄Ba )−1 V B

0em.
This open-loop control law can be computed only when the Jacobian matrix J̄Ba has
full rank, i.e., when the robot is away from singular configurations. In addition, the
inversion of the Jacobian may represent a problem in the vicinity of a singularity, as
ill-conditioning of the matrix can produce unwanted large joint velocities.

A well-known solution to deal with the problem of inverting the Jacobian matrix
in the vicinity of a singularity is given by the so-called Damped Least-Squares (DLS)
inverse method proposed by Nakamura and Hanafusa [1986].

The main idea behind the DLS method is to attenuate the non-feasible joint velocities
in the neighborhood of a singular configuration, allowing the robot end effector to deviate
from the desired reference trajectory. The performance of the DLS method for the MRC
motion control problem was investigated in our recently published work Pham et al.
[2014a].

An alternative solution to overcome the performance degradation of the kinematic
control in the vicinity of singular configurations is to employ the recently proposed
Filtered Inverse (FI) method Vargas et al. [2014]. From the FI method, we consider
that the control law u uses a dynamically updated matrix Θ(t) instead of its inverse
computed instantaneously as (J̄Ba )−1 such that J̄Ba Θ = I. The dynamics of the matrix
Θ(t) can be established from the error signals based on the right and left inverses, Sr
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and Sl, suitably defined as:

Sr = J̄Ba Θ− I , Sl = Θ J̄Ba − I . (6.16)

Considering the Lyapunov function candidate Vc(Sr, Sl) = tr(ST
r Sr) + tr(ST

l Sl), where
tr(·) denotes the trace function of a matrix. As can be seen, this Lyapunov function
candidate is positive definite and decrescent. From the time-derivative of Vc and (6.16),
the following composite update law can be obtained:

Θ̇ = −Γ
[

(J̄Ba )T Sr + Sl(J̄Ba )T
]
, (6.17)

where Γ = ΓT> 0 in the update gain matrix. Notice that, in the particular case where
the matrix to be inverted is constant, Θ can be interpreted as the output of a linear
filter where the input is the true inverse. Finally, resorting to the FI method Vargas
et al. [2014], the velocity control signal u can be defined in terms of the filtered inverse
matrix Θ as:

u = Θ ΘT J̄Ba V
B

0em. (6.18)

It is worth mentioning that, compared to other inversion solutions based on the differ-
ential kinematics equation described in the literature, the main advantages of the FI
method are twofold: the number of design parameters to be tuned, i.e., only the up-
date gain matrix Γ, and the computational efficiency, since it does not require matrix
inversion, singular value decomposition or computation of manipulability measures.

6.7 Experiments and Results
In this section, we describe the experimental setup used to carry out the experiments.
We also present preliminary results to demonstrate the performance and feasibility of
the proposed methodology.

6.7.1 Experimental Setup
In the experimental tests, we control a Motoman DIA10 dual-arm robot using a Phantom
Omni haptic device to perform the tracking of a previously planned trajectory. The
control diagram is shown in Fig. 6.2. The DIA10 robot has 15-DoF or axes of motion,
with 7-DoF per each arm plus 1-DoF for the base rotation. For the sake of simplicity,
we employ only the left arm and the robot base to execute the experimental tests,
which results in 8-DoF to be controlled in the joint space. The experimental setup
also consists of a low-level industrial controller NX100 and an HSC system (High-speed
Synchronous Controller) as shown in Fig. 6.3. The reference signals for the DIA10
robot are generated by an external computer (User PC) running the user application
developed in Matlab/Simulink on Windows OS. The signals are then sent to a position
control loop, built-in Simulink blocks (Server) and executed at the frequency of 500 Hz.
The User PC is connected to the NX100 controller through the HSC system and the
access is given by a Matlab server running a proper communication protocol provided
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Figure 6.2: Block diagram for the proposed control scheme.
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Figure 6.3: Schematic diagram of the experimental setup.

by the Robot Racounter architecture Wason and Wen [2011].

6.7.2 Experimental Results
Two sets of experiments were carried out using a kinematic control scheme for the end-
effector pose. The Cartesian position and orientation control laws are based on a fixed-
gain proportional plus feedforward term which can ensure the asymptotic convergence
of the output tracking errors.

In the first set, the key idea is to evaluate the behavior of the robot end effector
in the vicinity of a singular configuration, when the joint angle q7 varies in the range
[− π

36 ,
π
4 ] passing through zero. To achieve this aim, we consider that the robot end

effector is performing a programmable tracking task of a time-varying desired position
and orientation simultaneously. The reference trajectories for the robot end effector are
given respectively by rp(k)=c1 sin(ωk) and ro(k)=c2 cos(ωk)+d2. In these experiments,
the incision point has to follow a sinusoidal motion in the direction of the x-axis with
linear velocity of 10 cm s−1. The time-varying velocity for the incision point is given by
vc(k) = sin(c3ωk). It is worth mentioning that, c1, c2, c3 are constant parameters which
define the motion direction, d2 is a phase shift parameter, ω is the signal frequency and k
is the number of iterations. The control parameters used in all experiments were: Γ=5,
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Kp= 270 s−1, Ko= 1500 s−1. Other parameters are: c1 = 0.03, c2 = π
18 , d2 =− π

18 , c3 = 8,
ω=2π/7000 rad s−1. The execution time of the programmable trajectory tracking was
about 60 s with k= 7000, whereas the trajectory tracking task with the haptic device
takes about 40 s with k=5000.

We have investigated the singularity issue from the practical point of view, since it is
not always possible to perform in advance a singularity-free trajectory planning for the
robot arm. In addition, the main goal of the proposed methodology is to allow the task
execution by means of a haptic device, considering that the operator does not have prior
knowledge of the singularity-free regions of the robot workspace. This motivates us to
run a second set of experiments to investigate the performance of the haptic control for
the end-effector pose in the vicinity of singular configurations.

6.7.2.1 Singularity Analysis

The results of the first set of experiments are depicted in Figs. 6.4-6.8. For comparative
purposes, we also present the signals obtained with the DLS inverse method and the
filtered-inverse method during the tracking of a desired time-varying position and orien-
tation. Fig. 6.4 shows the behavior in time of the velocity signals along the x- and z-axis
of the constraint frame. We can observe that a satisfactory tracking performance was
achieved using the singularity avoidance methods. However, as expected, the kinematic
control scheme based on the inverse Jacobian matrix was not able to ensure the trajec-
tory tracking for the incision point. The time history of the manipulability index for
the DLS inverse and FI methods is illustrated in Fig. 6.5, where it is possible to observe
the occurrence of two singularity points. Fig. 6.6 and Fig. 6.7 illustrate the behavior
in time of the position and orientation errors of the robot end effector along the x-, y-
and z-axis respectively. The time history of the joint velocity signals generated by the
kinematic control scheme is illustrated in Fig. 6.8. We can observe the lower magnitude
of the control signals obtained from the singularity avoidance methods compared to the
conventional inverse Jacobian-based controller, which demonstrate the feasibility of the
proposed methodology.

6.7.2.2 Haptic Control

In the second set of experiments, we control the end effector using a haptic device and
we let the velocities at the incision point follow the same pre-defined trajectory. The
key idea here is to evaluate the performance of the FI method in the neighbourhood of
singular configurations. The time history of the velocities of the incision point along
the x- and z-axis are shown in Fig. 6.9. We can observe that a remarkable tracking
performance for the incision point was achieved even for the haptic-based teleoperation
of the robot end effector. Fig. 6.10 and Fig. 6.11 illustrate the behavior in time of the
trajectory tracking for the end-effector pose along the x-, y- and z-axis respectively.
The time history of the error norm for the end-effector pose is illustrated in Fig. 6.12,
(a) and (b), where we can observe the low magnitude of the signal thanks to the use
of a singularity avoidance method. The behavior in time of the manipulability index
and the joint control signals are illustrated in Fig. 6.13, where it is possible to note the
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Figure 6.4: Velocity signal along the x- and z-axis at the incision point.
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Figure 6.5: Manipulability index: near to zero indicates a singularity point.

occurrence of two singularity points. The kinematic control scheme based on the FI
method is able to avoid large joint control signals even in the presence of singularities.

It is worth mentioning that, for the sake of saving space, we do not present the
graphic results obtained with the DLS method for the haptic control. In addition, it
is quite difficult to reproduce the robot motion for a particular singularity avoidance
method using the Phantom Omni device. In fact, the motion repeatability and accu-
racy depend on the operator’s maneuverability performance in the haptic teleoperation
task. A simple and direct way to compare the performance of the singularity avoidance
methods is to record the robot motion for the first task and then apply it as the refer-
ence trajectory for the second task. Moreover, it was observed during the experiments
that in most attempts to perform the tracking task with the haptic device, the operator
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Figure 6.6: Position error of the robot end effector.

was not able to cross the singularity points without the aid of the singularity avoidance
methods, even for operations at low speed and/or low acceleration.

6.8 Conclusion
This paper solved the problem of actively controlling the remote center of motion for
robotics-assisted minimally invasive surgery. We derived a framework that allows us to
follow both the end-effector and the incision point trajectories. The results were verified
through experimental results on an industrial manipulator.

We have also shown how to deal with singularities and presented a methodology
that allows us to pass through the singular configuration while keeping the error low
and without blowing up the control signals. These kinds of constrained systems, being
minimally invasive surgery or other constrained systems, tend to have singularities at
configurations that are difficult to avoid, which may make it necessary to pass through
or close to the singularity.
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Figure 6.7: Orientation error of the robot end effector.
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6.8. CONCLUSION 107

 

 

 

 

Steps, k

Steps, k

v
c x

(m
s−

1 )
v

c z
(m

s−
1 )

vxd

vzd

vx

vz

Velocity along x-axis at the constraint

Velocity along z-axis at the constraint

-0.02

-0.02

-0.01

-0.01

0

0

0

0

0.01

0.01

0.02

0.02

500

500

1000

1000

1500

1500

2000

2000

2500

2500

3000

3000

3500

3500

4000

4000

4500

4500

5000

5000
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Figure 6.10: Position tracking for the robot end effector.
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Figure 6.11: Orientation tracking for the robot end effector.

0.005

0.15

Steps, k

Steps, k

‖e
p
‖

(m
)

‖e
φ
‖

(r
a
d
)

Norm of position error

Norm of orientation error

0
0

0
0

0.1

0.01

0.05

500

500

1000

1000

1500

1500

2000

2000

2500

2500

3000

3000

3500

3500

4000

4000

4500

4500

5000

5000

Figure 6.12: Norm of position and orientation errors of the robot end effector.



6.8. CONCLUSION 109

singularity points

Steps, k

Steps, k

w
‖q̇

‖
(r

a
d

s−
1 )

Manipulability index

Norm of joint velocities

0
0

0

0

0.1

0.2

0.2

0.4

500

500

1000

1000

1500

1500

2000

2000

2500

2500

3000

3000

3500

3500

4000

4000

4500

4500

5000

5000

Figure 6.13: Manipulability index and norm of the velocity control signals.





Chapter 7

Singularity Analysis of Robotic
Manipulators with
Velocity-Constraints for Minimally
Invasive Surgery

7.1 Abstract

This paper presents a novel framework for analyzing the mobility of constrained serial
manipulators. We focus on the type of constraints that arise in minimally invasive
surgery, where a long shaft is inserted into the human body through a incision point, or
trocar. The trocar constraint will in this case change the mobility of the manipulator
and the location and nature of the singularities. For minimally invasive surgery both
the mobility and the singularities of the system need to be known to obtain safe and
reliable operation.

Velocity constraints on the chain will in general complicate the mobility analysis
of the manipulator as conventional methods such as manipulability and other methods
that require the manipulator Jacobian cannot be applied because these methods do not
take the constraints into account. The main contribution of the paper is to find the
end-effector velocity by adding the velocity at the constraint and the velocity of the
joints after the constraint (often called the wrist) and observing that these velocities
need to span the whole end-effector velocity space. We then use this new representation
of the end-effector velocity to find the mobility of the constrained manipulators. The
framework can be used both to determine the optimal manipulator geometry in the
presence of chain constraints and, once the manipulator geometry is chosen, to control
the robot such that the mobility is maintained high and singularities avoided. The
first property of the presented framework can for example be used to find the optimal
geometry of the wrist of a surgical robot subjects to incision point constraints, and the
latter can be used to control the robot so that singularities are avoided. The singularities
typically take a very different form than for the unconstrained case.
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7.2 Introduction

Constraints imposed on the manipulator chain poses great challenges to both the analysis
and control. We know that kinematic constraints can take a very complex form when
mapped to the joint space of the manipulator, and it can therefore be challenging to
find control laws to avoid these singularities. In this paper, we present a framework
that allows us to analyze in detail how the constraints affect the singularities. These
singularities are different from the manipulator singularities found in open chain robots
as they are greatly dependent on the geometry of the constraint and on the geometry
of the joints located after the constraints on the manipulator chain. We do, however,
find that there are several similarities to the analysis of unconstrained manipulators.

There are several approaches to analyze the singularities of serial manipulators. The
concept of manipulability was introduced in Yoshikawa [1985b]. For the six degrees of
freedom of the end-effector space, the manipulability was found and a 6-DoF ellipsoid
was constructed to define the manipulability. When a motion in one direction of the
ellipsoid cannot be realized, the length of this axis becomes zero and the manipulability
ellipsoid has no volume. This is referred to as a singular configuration. Chen and Chen
[1994], Boudreau and Podhorodeski [2010] analyze the singularity of serial unconstrained
manipulators by using the theory of reciprocal screws while Hao and McCarthy [1998]
considers singular configurations of a robotic system that can be modeled as a platform
supported by serial robotic chains.

The manipulability can also be found for parallel manipulators (Wen and Wilfinger
[1999], Park and Kim [1998]). In this case the length in one or more directions of the
manipulability ellipsoid can become either zero or infinite. If one direction is zero it
means that a velocity cannot be realized in this direction, this is often referred to as
an unmanipulable singularity. On the other hand, if the length approaches infinity the
manipulator cannot prevent the end effector to move in a certain direction. In this case
the passive joints will move even though all the active joints are locked, which is referred
to as an unstable singularity (Wen and Wilfinger [1999], From and Gravdahl [2008]).
The analysis of singularities for closed kinematic chains was studied in Park and Kim
[1999], Gosselin and Angeles [1990].

We just take a different approach to the problem as the analysis normally applied to
serial manipulators cannot be applied as these do not take the constraints into account,
and the analysis used for parallel manipulators cannot be applied to serial manipulators,
even in the constrained case. The proposed approach is to study how well the end-
effector motion can be generated given a specific constraint. We observe that by adding
the motion allowed by the constraint and the motion generated by the joints after
the constraint we can easily determine the mobility. We can do this either by simple
geometric reasoning, or by constructing a Constrained Jacobian Matrix and analyze this
in the same way as the manipulator Jacobian normally used for singularity analysis.

The main contribution of this paper is that we recognize that we can use the Con-
strained Jacobian Matrix previously presented by the authors to perform a singularity
and mobility analysis of different geometric structures and to find the optimal geometry
of a robot given the constraint geometry. We present for the first time a detailed anal-
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ysis of how velocity constraints on the chain affect the mobility of different geometric
structures. In addition we show how this can be used to avoid singular configurations
that arise due to the chain constraints.

The paper is organized as follows: In Section 7.3 and 7.4 we present the overall idea
of how the kinematics of a constrained kinematic chain, the mathematical representa-
tion of the different kinematic constraints and the corresponding Jacobian matrices are
calculated. We study the singularities of constrained planar and spatial manipulators
in Section 7.5 and 7.6, respectively. The conclusion is presented in Section 7.7.

7.3 System Overview and Problem Formulation
The system discussed in this paper consists of a redundant robotic manipulator in the
presence of kinematic constraints.

At some given points in the Cartesian space we will require that the velocities of the
links are eliminated in certain directions to prevent the robot from hitting an obstacle.
The system setup together with the most important configuration spaces used in this
paper are shown in Fig. 7.1. We denote the frame of the joint located before the incision
point, that is located at Fc in the chain, by Fa and the joint that is located after the
incision point is denoted Fb. The desired end-effector motion is given by the frame Fe.
We will denote the velocity variables in the following way

V B
0e =

[
vex vey vez ωex ωey ωez

]T
(7.1)

and similarly for the other frames. V B
ij is thus the velocity in body coordinates of a rigid

body with frame Fj with respect to the frame Fi. V B
ij is an element of the Lie algebra

se(3) of the Special Euclidean Group SE(3), and is found as V B
ij = g−1

ij ġij where gij is
the homogeneous transformation matrix describing the location of Fj in Fi.

7.4 Constrained Kinematics
The first step of the mobility and singularity analysis is to find the required velocity
mappings and at the same time take the constraints into account. This section presents
a short summary of Pham et al. [2014a].

We first derive the motion of a kinematic chain given a desired end-effector motion Fe
and a kinematic constraint at a point represented by Fc. In this section we will present
the overall idea of how these relations are used to find the kinematics of a constrained
kinematic chain.

The main idea is to find the velocity V B
0a in terms of a set of new velocity variables

parametrized in such a way that these variables can be chosen freely and at the same time
guarantee that the constraints at Fc are satisfied. This means that certain directions in
the velocity space are reduced from a higher to a lower-dimensional space represented
by new velocity variables vi.

As our main objective is to follow a desired end-effector motion V B
0e we need to find
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Robot Frame - Fa

Plane Constraint - Fc

Constraints: R
Motion space: S2 × R2 × S1

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

Robot Frame - Fa

End-effector frame - Fe

S2 × R2 × S1 × S2

End-effector frame - Fe
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b

a

b
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Figure 7.1: Two examples of the constraints discussed in this paper: on the left, a
hole constraint which prevents any lateral motion of a specific point on the manipulator
chain; and on the right, a plane constraint that restricts the linear motion of a point to
a given direction in the plane. The constrained link is constrained at the point Fc which
in turn results in a reduced motion space at Fa. The motion spaces of the different
frames are subgroups of SE(3) defined by linear motion R, circular motion S, and the
sphere S2.

the mapping from V B
0e to the free variables, i.e., V B

0a with the reduction in dimensionality
represented by vi. This is obtained in the following way Pham et al. [2014a]:

1. Define a desired end-effector velocity V B
0e .

2. Given a constraint at Fc, define the velocities at this point which satisfy the
constraints, i.e., the velocities at the previous joint Fa are given by

• the free variables {vax, vay , vaz , ωax, ωay , ωaz}, and
• the constrained variables {v1, v2, v3, . . . }.

The free variables are the ones that can be chosen freely and do not affect the
constraint. The constraint variables require a specific form and structure for the
constraints to be satisfied. We will therefore replace some of the free variables with
the constraint variables which gives us the required structure. These variables thus
represent a freedom, but in a space with reduced dimensionality that satisfies the
constraint. The constrained variables are thus written in terms of the free variables
v as

V B
0a = V B

0a(v). (7.2)

3. Eliminate the redundant variables that arise as a result of the reduced dimension-
ality and denote the minimal representation of the velocity variables by V̄ B

0a .

4. Find a mapping from the end-effector velocities V B
0e to the new reduced velocity
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variables V̄ B
0a , which will take the form

vam =
[
V̄ B

0a
q̇

]
=



constrained variables

free variables
joint velocities


 . (7.3)

The mapping is given by the Constrained Jacobian Matrix Jmea that gives the
important relation V B

0e = Jmeav
a
m, i.e., the transformation from the new reduced

velocity variables vam to the desired end-effector velocities V B
0e .

The joint velocities represent the joints that are determined by the end-effector
velocity V B

0e only and do not depend on the constraints. These are typically the
joints that are situated between the constraint and the end effector. The free vari-
ables are the velocities of Fa that do not depend on the constraint, but differently
from the joint velocities, they depend on the joints between the base and the con-
straint. Finally, the constrained variables are constraint dependent and give the
velocity at Fa the required structure so that the constraints are satisfied.

5. From the new variables, find the robot velocity at Fa.

7.4.1 Constrained Jacobian Matrix
In this section we will find the relation between the desired end-effector velocities and
the corresponding joint velocities subject to the constraints described in the previous
section. Given the end-effector velocity we want to find the free and constrained velocity
variables of the robot. We will find the Constrained Jacobian Matrix Jmea which gives
the relation V B

0e = Jmeav
a
m and the required velocities vam are found from the desired

end-effector velocities by the inverse of the Constrained Jacobian Matrix.
The standard body Jacobian matrix gives the mapping from the joint velocities to

the end-effector velocities in body coordinates and is given by (From et al. [2014a])

JB0e =
[
X†1 X†2 · · · X†n

]
(7.4)

=
[
Ad−1

g1e X
1
1 Ad−1

g2e X
2
2 · · · Xn

n

]
∈ Rn×6

where X i
i is the constant twist in frame Fi and Ad−1

gie
is the Adjoint matrix that trans-

forms X i
i from frame Fi to X†i represented in the end-effector frame Fe. The body

Jacobian matrix can also be found for other links than the end effector, in which case
it is denoted JB0i which gives the velocities of link i. Particularly, the Jacobian matrix
that gives the velocity of the link Fa located before the constraint is denoted JB0a.

In this section we will find the body Jacobian matrices, as above, but subject to the
constraints, i.e., we find the mapping from the joint velocity variables to the respective
links subject to a constraint on the velocity at the constraint frame Fc. We will see that
for a large class of constraints the Constrained Jacobian Matrix can be written in the
form

J̄B0a =
[∑

αiX
†
i

∑
αjX

†
j · · ·

∑
αkX

†
k

]
∈ Rm×6 (7.5)
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for some (n − m)-dimensional constraint. Here the bar in J̄B0a distinguishes the Con-
strained Jacobian Matrix from the standard Jacobian JB0a. X

†
i are the manipulator twists

while αi are configuration-dependent functions of the manipulator and constraint kine-
matics. The form of the Constrained Jacobian Matrix depends on the type of constraint.
We will now look at what the Constrained Jacobian matrices look like for different types
of constraints.

7.4.2 Plane Constraint

For a plane-shaped constraint we want to eliminate the velocity at Fc in one direction.
Lets assume that we will allow no velocity in the direction of vcy. As this can be written
in terms of the velocities at Fa (prior to the entry point) as

vcy = vay − aωax (7.6)

the constraint vcy = 0 can be transformed to the frame Fa as

vay = aωax. (7.7)

We can now introduce a new variable v1 which describes the one degree of freedom
represented by (4.8). The constrained variables vay and ωax then take the form

vay = v1 ωax = 1
a
v1 (7.8)

which forces a point Fc on the robot to avoid lateral motion in the direction of the
y-axis. The constrained velocity variables at Fa can now be written as




vax
vay
vaz
ωax
ωay
ωaz




=




vax
v1
vaz
1
a
v1
ωay
ωaz




(7.9)

which have five degrees of freedom, as expected. We see that we impose a certain
structure on the velocities at Fa which guarantees that the constraints are satisfied.

7.4.3 Entry Hole

Assume a robotic chain that is inserted through a hole. This will add a 2-DoF constraint
to the point of entry, represented by Fc, which is a point on the link penetrating the
hole. This is for example the case in minimally invasive surgery where the robot is to
be inserted into the abdomen through a trocar.
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The velocities at the entry point can be written in terms of the velocities at Fa as

vcx = vax + aωay (7.10)
vcy = vay − aωax (7.11)

and the constraint of zero velocity can therefore be cast into the following simple form

vax = −aωay (7.12)
vay = aωax (7.13)

where we need to know the distance from the joint prior to the constraint to the en-
try point. We can incorporate these constraints in the kinematics by introducing new
variables v1 and v2 such that

vax = v1 ωay = −1
a
v1 (7.14)

vay = v2 ωax = 1
a
v2 (7.15)

which for any choice of v1 and v2 will result in zero lateral velocity at the entry point.
The constrained velocities can now be given as




vax
vay
vaz
ωax
ωay
ωaz




=




v1
v2
vaz
1
a
v2
− 1
a
v1

ωaz




. (7.16)

The expressions are found similarly for other types of constraints.

7.5 Singularity analysis of planar manipulators
We consider a 4-DoF planar manipulator with a 1-DoF constraint on the third link, see
Fig. 7.2. We assume that all four joints rotate around the z-axis. Following Section 4.5
we find the Constrained Jacobian Matrix for this manipulator as

J̄B0a1 =



cq4 sq4 − 1

a
l3sq4 0

−sq4 cq4 − 1
a

(l4 + l3cq4) l4
0 − 1

a
1


 (7.17)

which gives the mapping


vex
vey
ωez


 = J̄B0a1



v1
vax
q̇4


 . (7.18)
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W
Robot Frame - Fa

Hole Constraint - Fc

End-effector Frame - Fe
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y
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Figure 7.2: The planar case: a 4-DoF planar robot with a 1-DoF constraint on the third
link.

We find the determinant of the Constrained Jacobian Matrix as

det
(
J̄B0a1

)
= a− l3

a
. (7.19)

From this we can see that the Constrained Jacobian Matrix is never singular except
when the constraint is located exactly at the fourth joint. At this point the Constrained
Jacobian Matrix reduces to

J̄B0a1 =



cq4 0 0
−sq4 − l4

a
l4

0 − 1
a

1


 (7.20)

and we see that we cannot control both vey and ωez independently once v1 is chosen
to obtain vex. The singularity arises as one of the degrees of freedom allowed by the
constraint, the rotation around the constraint point, is exactly the same as the degree
of freedom represented by the last joint q4, which results in a reduced mobility.

We note that mathematically this is identically the analysis of non-constrained serial
manipulators, i.e., the singularity occurs when two intersecting axes occur. However,
the geometric interpretation is rather different, as in our case the singularity occurs
when the axes of the last manipulator joint intersects with the axes of the constraint
velocities. The singularity thus depends on the geometry of the constraint, and not only
on the geometry of the robot, which is the case when the singularity arises as a result
of two intersecting joint axes.
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Figure 7.3: A constrained manipulator where both joints after the constraint rotate
around the y-axis.

7.6 Singularity Analysis of spatial manipulators

In this section we consider spatial manipulators with a total of eight joints and with
two joints after a hole constraint. We will divide the problem into four different cases
and analyze each case separately. In all the cases, we consider 8-DoF manipulators with
a constraint on the sixth link. So the manipulators have 6 joints before the constraint
and 2 joints after the constraint. We use the notation cq7 = cos (q7), sq7 = sin (q7),
cq8 = cos (q8), sq8 = sin (q8), cq78 = cos (q7 + q8), sq78 = sin (q7 + q8).

7.6.1 Both joints after the constraint rotate around the same
axis

We first assume that both joints after the constraint rotate around the y-axis, as shown
in Fig. 7.3. The analysis for the x-axis is similar.
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We have the Constrained Jacobian Matrix in this case as

J̄B0a2 =




χ1 0 −sq78 0 l7cq8 0
0 δ1 0 l7sq7 0 0
χ2 0 cq78 0 l7sq8 0
0 1

a
cq78 0 −sq78 0 0

− 1
a

0 0 0 1 1
0 1

a
sq78 0 cq78 0 0




. (7.21)

Here we have defined χ1 = − 1
a

(b cq78 + l7cq8), χ2 = − 1
a

(b sq78 + l7sq8) and δ1 =
− 1
a

(b+ l7cq7).

The determinant of the Constrained Jacobian Matrix is

det
(
J̄B0a2

)
= 0. (7.22)

We see that in this case the matrix is always singular. The reason is that ωcy, vcz, q̇7, and
q̇8 all generate motion in the xz-plane of Fc. It thus requires 4 DoF to control the three
variables in the plane. In other words the manipulator has only 2 DoF left to control the
remaining three degrees of freedom which is what leads to the singular configuration.

Following the same line of arguments, we also find that the manipulator is always
singular when the two last joints after the constraint rotate around x-axis of Fc.

7.6.2 The last joint rotate around the z-axis

We will consider two cases where the first joint after the constraint rotates around x-
or y-axis and the last joint rotate around z-axis. The two cases are similar. The y-axis
case is shown in Fig. 7.4.

The Constrained Jacobian Matrix for the x-axis case is found as

J̄B0a3 =




α1 β1 sq7sq8 γ1 ϕ1 0
α2 β2 cq8sq7 γ2 ϕ2 0
0 b

a
sq7 cq7 0 0 0

− 1
a
cq7sq8

1
a
cq8 0 sq7sq8 cq8 0

− 1
a
cq7cq8 − 1

a
sq8 0 cq8sq7 −sq8 0

1
a
sq7 0 0 cq7 0 1




. (7.23)

Here we have defined α1 = − 1
a
cq8 (b+ l7cq7 + l8cq7), α2 = 1

a
sq8 (b+ l7cq7 + l8cq7), β1 =

− 1
a
sq8 (l7 + l8 + b cq7), β2 = − 1

a
cq8 (l7 + l8 + b cq7), γ1 = cq8sq7 (l7 + l8), γ2 = −sq7sq8 (l7 + l8),

ϕ1 = −sq8 (l7 + l8) and ϕ2 = −cq8 (l7 + l8).
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Figure 7.4: An example of constrained manipulator with the first joint after the con-
straint rotate around y-axis and the last joint rotate around z-axis.

For the y-axis case the Constrained Jacobian Matrix is found as

J̄B0a4 =




α3 β3 −cq8sq7 γ3 ϕ3 0
α4 β4 sq7sq8 γ4 ϕ4 0
− b
a
sq7 0 cq7 0 0 0

− 1
a
sq8

1
a
cq7cq8 0 −cq8sq7 sq8 0

− 1
a
cq8 − 1

a
cq7sq8 0 sq7sq8 cq8 0

0 1
a
sq7 0 cq7 0 1




. (7.24)

Here we have defined α3 = − 1
a
cq8 (l7 + l8 + b cq7), α4 = 1

a
sq8 (l7 + l8 + b cq7), β3 =

− 1
a
sq8 (b+ l7 cq7 + l8 cq7), β4 = − 1

a
cq8 (b+ l7 cq7 + l8 cq7), γ3 = sq7sq8 (l7 + l8), γ4 =

cq8sq7 (l7 + l8), ϕ3 = cq8 (l7 + l8) and ϕ4 = −sq8 (l7 + l8).
The determinants of the Constrained Jacobian matrices in both cases are found as

det
(
J̄B0a3

)
= det

(
J̄B0a4

)
= − b

2

a2 sq7. (7.25)

We see that the matrix is singular when sq7 = 0, i.e., for q7 = 0;π. The reason is that ωcz
and q̇8 rotate around the same axis and the manipulator loses 1 DoF. We note that this
type of singularity resembles the singularity found in open chain manipulators when two



122 CHAPTER 7. SINGULARITY OF CONSTRAINED MANIPULATORS

W

W

Robot Frame - Fa

Hole Constraint - Fc

Constraints: R2

Motion space: S2 × R × S1

End-effector frame - Fe

S2 × R × S1 × S2

a

b

x

x

x

x

x
y

y

y

y

y

z

z

z

z

z

Fb

Figure 7.5: Singularity analysis of the manipulator where the first joint rotate around
the y-axis and the last joint around z-axis. The manipulator is singular when q7 = 0.

joints rotate around the same axis. The difference is that in this case the singularity
arises when joint seven rotates around one of the axes for which the constraint allows
motion, which in our case was ωcz. The singular configuration is shown in Fig. 7.5.

7.6.3 The first joint after the constraint rotate around z−axis
Similarly to the result of Section 7.6.2, we can easily conclude that if the first joint after
the constraint rotates around the z-axis it will coincide with ωcz, and the manipulator
will lose 1 DoF and always be singular.

7.6.4 No joint after the constraint rotate around z-axis
We will now consider two cases where the first joint after the constraint rotates around
y-axis, the last joint rotates around x-axis and the vice versa. The Constrained Jacobian
Matrix for the first case is

J̄B0a5 =




α5 β5 −sq7 l8cq7sq8 θ5 0
α6 β6 cq7sq8 γ5 0 −l8
α7 β7 cq7cq8 −l7sq7sq8 0 0
0 1

a
cq7 0 −sq7 0 1

− 1
a
cq8

1
a
sq7sq8 0 cq7sq8 cq8 0

1
a
sq8

1
a
cq8sq7 0 cq7cq8 −sq8 0




. (7.26)

Here we have defined α5 = − 1
a

(l7 + b cq7 + l8cq8), α6 = − b
a
sq7sq8, α7 = − b

a
cq8sq7,
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β5 = 1
a
l8sq7sq8, β6 = − 1

a
(b cq8 + l8cq7 + l7cq7cq8), β7 = 1

a
sq8 (b+ l7cq7), γ5 = sq7 (l8 + l7cq8),

θ5 = l7 + l8cq8.

For the second case, the Constrained Jacobian Matrix is found as

J̄B0a6 =




α8 β8 −cq7sq8 γ8 0 l8
α9 β9 sq7 l8cq7sq8 θ8 0
α10 β10 cq7cq8 l7sq7sq8 0 0

− 1
a
sq7sq8

1
a
cq8 0 −cq7sq8 cq8 0

− 1
a
cq7 0 0 sq7 0 1

1
a
cq8sq7

1
a
sq8 0 cq7cq8 sq8 0




. (7.27)

Here we have defined α8 = − b
a

(cq8 + l8cq7 + l7cq7cq8), α9 = 1
a

(l8sq7sq8), α10 =
− 1
a
sq8 (b+ l7cq7), β8 = − b

a
(sq7sq8), β9 = − 1

a
(l7 + b cq7 + l8cq8), β10 =

fracba (cq8sq7), γ8 = sq7 (l8 + l7cq8), θ8 = −l7 − l8cq8.

The determinants of the Constrained Jacobian Matrices in the two cases are found
that

det
(
J̄B0a5

)
= det

(
J̄B0a6

)
= − b

a2 (l7 + b cq7) . (7.28)

and the manipulator is singular when cq7 = − l7
b
. This configuration is illustrated in

Fig. 7.6, where we can see that the axis of joint 8 at this configuration intersects with
the constraint point. At this configuration we note that the axes of q̇8, ωcx, ωcy, and ωcz all
intersect at the constraint point Fc. The screws represented by these degrees of freedom
are thus linearly dependent, which is the reason for the singularity. This is same type
of singularity that arises in open chain manipulators with intersecting axes, as studied
in Chen and Chen [1994].

A table summarizing the results found in this section is found in Table 7.1.

First joint, q7 Second joint, q8 Singularity
x x ∀ q7, q8
y y ∀ q7, q8
x z q7 = 0;π
y z q7 = 0;π
z x ∀ q7, q8
z y ∀ q7, q8
z z ∀ q7, q8
x y cos q7 = − l7

b

y x cos q7 = − l7
b

Table 7.1: Summary of the results found in this section. The singularities for the differ-
ent manipulator structures discussed in this paper with two joints after the constraints.
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Figure 7.6: Singularity analysis of the manipulator where the first joint rotate around
the y-axis and the last joint around x-axis. The manipulator is singular when the axis
of joint 8 intersect with the constraint point

.

7.7 Conclusion
This paper presents a detailed analysis of the presence of singularities in open-chain
manipulators with velocity constraints on a point on the chain. We find that the analysis
has several similarities with the well-known analysis of open-chain manipulators without
constraints, but that the geometric interpretation is rather different. We find that we
need to look at the velocity space generated by the last joints after the constraint and
the directions of the velocities allowed at the constraint point. Once these velocity
spaces are found, the singularity analysis resembles the conventional non-constrained
case in that the singularities arises in the same situations, i.e., at the limit point and
when axes intersect. However, in the constrained case the analysis cannot be performed
by studying the axes of the robot joints as in the standard Jacobian matrix, as this does
not take the constraints into account. When constraints are present, we need to study
the allowed velocities at the constraint and the velocities generated by the joints after
the constraints and find how these spaces span the end-effector space.
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Chapter 8

A Geometric Approach to the
Design of Serial and Parallel
Manipulators with Passive Joints

8.1 Abstract
The use of robotic manipulators in remote and sensitive areas calls for more robust
solutions when handling joint failure, and the industry demands mathematically robust
approaches to handle even the worst case scenarios. For both serial and parallel manip-
ulators torque failure is indeed a worst case scenario. Thus, a systematic analysis of the
effects of external forces on manipulators with passive joints is presented.

For serial manipulators we find under what conditions the robot is conditionally
equilibrated, that is, equilibrated with respect to a specific external force. These con-
ditions are, as expected, very restrictive. The serial, or subchain, case serves as a good
platform for analysing parallel manipulators. In parallel manipulators passive joints
can appear as a design choice or as a result of torque failure. In both cases a good
understanding of the effects that passive joints have on the mobility and motion of the
parallel manipulator is crucial. We first look at the effects that passive joints have on
the mobility of the mechanism. Then, if the mobility considering passive joints only is
not zero we find a condition similar to the serial case for which the parallel manipulator
is conditionally equilibrated with respect to a specific external force.

8.2 Introduction
Serial and parallel robots are widely used in remote and harsh environments where
humans cannot or do not want to operate. The need for a rigorous theory on what
happens when joint failure occurs is thus important to be able to cope with unforeseen
events such as actuation failure. This paper endeavors to convey a complete theory of the
effects that passive joints have on serial and parallel manipulators when external forces
are present. We start by looking at how joint failure affects the mobility of closed chain
manipulators. We are interested in the undesired motion generated by the passive joints
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that cannot be compensated for by the active joints. For parallel manipulators, joint
failure may or may not allow a motion generated by the passive joints. If the manipulator
does not allow such a passive motion, we will denote it equilibrated. In this case it can
resist a wrench in an arbitrary direction either through kinematic constraints or through
actuator torques. We obtain this if the manipulator, considering the passive joints only,
has mobility equal to zero, i.e. we do not want the passive joints to allow any motion
when the active joints are locked. If this property is satisfied the manipulator does not
have an unstable singularity, following the classification in Matone and Roth [1999]. On
the other hand, for serial manipulators joint failure will always result in an undesired
motion if an arbitrary external force is present. In this case we investigate under what
conditions, i.e. for what external forces and for what configurations, the external forces
do not affect the motion of the passive joints. We will say that the manipulator is
conditionally equilibrated with respect to an external force at all configurations for
which the passive joints are not affected by the given force.

Many papers discussing the mobility of parallel manipulators and the relation be-
tween the active and passive joints can be found in literature. The Jacobian of the
parallel manipulator is investigated in Liu et al. [1999] and Bicchi and Prattichizzo
[2000] where the passive joint accelerations are found from the active joint accelerations
by dividing the Jacobian into an active and a passive part. For non-overconstrained
mechanisms, i.e. when there are no redundant constraints, we can find the mobility by
the well known Grübler formula Murray et al. [1994]. For overconstrained mechanisms
there are many approaches to determine the mobility. In Dai et al. [2006] the mobility
of the mechanism is found from the constraint space. The constraints of the system are
found systematically and the redundant constraints are identified. The mobility is then
found by adding the degrees of freedom represented by these redundant constraints to
the Grübler formula for non-overconstrained mechanisms. This approach illustrates well
the effect of redundant constraints in the mechanism.

The mobility can also be found by the motion space as in Rico et al. [2003],Rico
et al. [2006]. The degree of freedom of the motion of the end effector is first found.
Then the degree of freedom of the self-motion manifold of each chain is added. By
this approach the redundant constraints are not found directly, but this approach gives
valuable in-sight into where to place redundant actuators in the mechanism.

Even though the mobility of closed chain manipulators is given a lot of attention in
literature, there does not seem to be a thorough treatment of mobility in the light of
joint failure. In this paper we are mainly concerned with the effects of torque failure Ma-
tone and Roth [1999], also known as free-swinging joint faults (FSJF), see English and
Maciejewski [1998] and Tinós and Terra [2002], Tinós et al. [2007]. This occurs when
an active joint suddenly loses its actuation and starts behaving like a passive joint.
For a comprehensive treatment on how to identify joint failures see Tinós et al. [2007].
Once these are identified the appropriate control actions should be applied to minimise
damage to the surroundings.

Passive joints will in general not be an intrinsic property of an open chain manip-
ulator as this would make the manipulator collapse due to gravity or other external
forces. In the case of free-swinging joint faults, however, the study of passive joints is
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important also for serial manipulators in order to prevent damage from the free-swinging
joint. FSJF may occur for any joint and for any configuration of the manipulator. A
systematic and rigorous description is thus essential in order to find a good and fast so-
lution and to prevent damage to the surroundings. For serial manipulators the strongest
property we can obtain is that the robot is conditionally equilibrated, i.e. a set of con-
figurations for which the manipulator is equilibrated with respect to a given external
force. Passive joints in serial manipulators are treated only briefly in literature, see for
example Oriolo and Nakamura [1991] and Arai and Tachi [1990], and case studies such
as the Acrobot Hauser and Murray [1990].

Parallel manipulators can be designed such that all the degrees of freedom of the
motion remain controllable when joint failure occurs for an arbitrary joint. This will,
however, require more active joints than necessary to control the degrees of freedom
of the manipulator. This actuator redundancy is in many cases undesirable due to
manufacturing and maintenance costs, weight, performance, and so on. If the fault
tolerance problem is not addressed in the design process it must be handled in the
control of the manipulator in the case of such an occurrence. In this case the serial and
parallel manipulators are treated in a similar manner and we search the configuration
space of the manipulator for a set of joint positions for which the manipulator remains
equilibrated for a given external force.

The approach presented in this paper is in itself very simple. First, we use Grübler’s
formula or a generic method based on the results in Rico et al. [2003, 2006] to verify
whether the manipulator, considering the passive joints only, generates a non-trivial
motion. This is based on the results found in From and Gravdahl [2008]. Then, if the
passive joints of the manipulator allow a motion, we investigate what kind of motion it
implements. From this we can conclude the two main results of this paper; (i) given a
mechanism, with respect to what kind of external forces is the manipulator equilibrated;
and (ii) given an external force, what kind of mechanism and for what configurations is
the mechanism equilibrated with respect to the external force.

In Meng et al. [2007], a precise geometric theory for analysis and synthesis of sub-6
DOF manipulators was presented. The low dimensional subgroups or submanifolds of
SE(3) were used to represent the lower pairs, or primitive generators, while the high di-
mensional subgroups were used to represent the desired end-effector motion types. Given
a desired end-effector motion type as a Lie subgroup or a submanifold, the synthesis
problem was solved for serial and parallel manipulators. Then, from a pre-specified list
of primitive generators, all possible serial and parallel arrangements of the primitive
generators so that the resulting manipulator has the desired end-effector motion type
were found. Using the formalism of Meng et al. [2007], we find that a mechanism is
conditionally equilibrated with respect to an external force if the mechanism consider-
ing the passive joints only, is a motion generator of a motion for which the reciprocal
product with the external force vanishes. Thus, while Meng et al. [2007] uses the gen-
eral concept of motion type (reference frame not specified) in their definition of motion
generator, we will use a motion defined in a specific coordinate frame in our definitions.
This allows us to verify resistance with respect to a specific external force, as opposed
to a type or class of forces.
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8.3 Preliminaries
This section presents a brief overview of mathematical modelling of rigid body motion
and the definition of motion type. For a detailed treatment of the topic, the reader is
referred to Murray et al. [1994], Meng et al. [2007], and From et al. [2014a].

8.3.1 Rigid Body Motion
The special Euclidean group SE(3) represents the configuration space of a rigid body.
In addition to its group structure, SE(3) is a differentiable manifold, and is what is
known as a Lie group. SE(3) as a matrix Lie group can be written by homogeneous
coordinates

SE(3) =
{[
R p

0 1

]
| p ∈ R3, R ∈ SO(3)

}
(8.1)

where SO(3) is the 3-dimensional special orthogonal group. An element g ∈ SE(3)
represents a rotation and a displacement of a rigid body relative to a reference config-
uration. Associated with every Lie group G is its Lie algebra g which is defined as the
tangent space of G at the identity e and is written as g , TeG. The Lie algebra se(3)
of SE(3) consists of all 4× 4 matrices

se(3) =
[
ω̂ v

0 0

]
(8.2)

where v ∈ R3 and ω̂ is the skew-symmetric matrix representation of ω ∈ R3 given by

ω̂ =




0 −ω3 ω2
ω3 0 −ω1
−ω2 ω1 0


 ∈ so(3). (8.3)

An element of se(3) can be represented by the twist coordinates ξ =
[
vT ωT

]T ∈ R6

which can be identified with the twist ξ̂ ∈ se(3) by the map1

∧ : ξ =
[
v

ω

]
∈ R6 7→ ξ̂ =

[
ω̂ v

0 0

]
∈ se(3). (8.4)

Let Q be the configuration space of the constrained system. In our case Q ∈ SE(3)
so an element ξ̂ ∈ se(3) can be represented by ξ =

[
vT wT

]T
. Then TgQ defines the

set of allowed velocities of the constrained system at g. We will write an element of the
constraint forces as F =

[
fT τT

]T
. The set of constraint forces at g is then defined as

the vanishing of the reciprocal product with ξ, i.e.

T ∗gQ
⊥ = {F ∈ R6| 〈ξ, F 〉 = 0,∀ ξ ∈ TgQ} (8.5)

where 〈ξ, F 〉 = v · f + ω · τ .
1For simplicity we will write twist for both twist coordinates and twists.
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Denote by Lg and Rg the left and right translation maps, respectively. The differ-
ential Lg∗ of Lg defines the body velocity and the differential Rg∗ of Rg defines spatial2
velocity of a rigid body. Then for a trajectory g(t) ∈ SE(3), t ∈ (−ε, ε), the body
velocity of the rigid body is given by

V̂ b = Lg(t)−1 · ġ(t) =
[
RTṘ RTṗ

0 0

]
=
[
ω̂ v

0 0

]
(8.6)

while the spatial velocity is given by V̂ s = ġ ·Rg−1 . The body and spatial velocities are
related by the Adjoint map

V s = AdgV b (8.7)

where g = (R, p) and

Adg =
[
R p̂R

0 R

]
. (8.8)

For a robotic mechanism with several sub-chains j = 1...k, we will write the twist of
joint i as Gi and the twist system of chain j as

Mj = (G1,G2, . . . ,Gn) = (Mj1,Mj2, . . . ,Mjn). (8.9)

where we use the second notation Mji when we need to clarify what chain the joints
belong to in a parallel mechanism. We use the same notation for the joint positions, i.e.
θji. The twist system describes the motion of the end effector for the open chain.

Let the parallel manipulator

M =M1||M2|| · · · ||Mk (8.10)

consist of k serial manipulator sub-chains that share a common base and a common end
effector. The set of end-effector motions is defined as Meng et al. [2007]

CM = CM1 ∩ CM2 ∩ · · · ∩ CMk
, (8.11)

where CMj
is the set of rigid transformations that the subchain Mj generates with-

out loop constraints. CM defines the configurations of the end effector with the loop
constraints imposed.

We are interested in the passive motion, i.e. the motion due to the passive joints
when the active joints are fixed. We denote this by

MP =MP1||MP2|| · · · ||MPk (8.12)

whereMPj consists of only the passive joints of chain j.
Although only the passive joints are considered, the twists of the passive joints

2In this context, spatial means that the velocity is given with respect to a globally defined coordinate
system. We will also use spatial for the 3-dimensional space, as opposed to the 2-dimensional space.
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depend on the configuration of the active joints. The twist of joint i is given by

G ′i = Adgb(i−1)Gi (8.13)

where gbi ∈ SE(3) is the transformation from the base to joint i. We will assume it
implicitly understood that the twists, as written in (8.9), are transformed according to
(8.13), and thus write G for G ′. Similarly when we write AdgM, we mean

Adg(θ)M := {G ′1, . . . ,G ′n} = {G1,Adgb1G2, . . . ,Adgb(n−1)Gn}. (8.14)

8.3.2 Motion Type
We now define motion type as in Meng et al. [2007]. Motion type describes a class of
motions, that is the conjugacy class of a normal form subgroup or submanifold of SE(3)
under the similarity transformation.

Definition 8.1. The group of similarity transformations of R3, denoted Sim+(3), con-
sists of matrices of the form

{g · sλ := g

[ 1
λ
I 0

0 1

]
| g ∈ SE(3), λ > 0} (8.15)

Under the group of similarity transformations, helical motion with distinct pitches
belong to the same conjugacy class. This is desirable in the definition of motion type
as defined in Meng et al. [2007].We will need the following definition from Meng et al.
[2007].

Definition 8.2. LetM be a mechanism that consists of a system of coupled rigid bodies,
one of which is identified with the base and one as the end-effector. Choose a reference
configuration ofM and identify the joint variables with zero. Attach a coordinate frame
to the end-effector and denote by CM the set of rigid motions generated (or attainable)
by the end-effector relative to the reference configuration, i.e. e ∈ CM. Let Q0 be
a normal form subgroup or submanifold of SE(3) and Q, the conjugacy class of Q0
under Sim+(3). M is said to have the motion type (or finite motion property) of Q if
there exists gr ∈ Sim+(3) such that g−1

r CMgr agrees with Q0 in an open neighbourhood
U ⊂ SE(3) of e, i.e.

(g−1
r CMgr) ∩ U = Q0 ∩ U. (8.16)

Equivalently we can write

CM ∩ U = (grQ0g
−1
r ) ∩ U. (8.17)

We are now ready to give the conditions for which serial and parallel manipulators
have the motion type of Q.

Definition 8.3. We will denote a serial manipulator M a motion generator of a sub-
group or submanifold Q of SE(3) ifM contains an open neighbourhood of e in Q. If Q is



8.3. PRELIMINARIES 133

a subgroup3 of SE(3), thenM is a motion generator of Q if there exists a configuration
such thatM = (G1, · · · ,Gn) = TeQ.

For parallel manipulators the corresponding definition of a Parallel Motion (PM)
generator is given by

Definition 8.4. A parallel manipulatorM =M1|| · · · ||Mk is a Parallel Motion (PM)
generator of Q if there exists an open neighbourhood U of e in SE(3) such that CM∩U =
Q ∩ U , where CM = CM1 ∩ · · · ∩ CMk

.

The conditions for which M is a PM generator of the subgroup Q is given in the
following proposition Meng et al. [2007]:

Theorem 8.1. Given a motion type Q ∈ SE(3). Assume that each CMj
, j = 1, ..., k

contains a connected open subset QU of Q around e,

QU ⊆ CMj
, j = 1, ..., k (8.18)

and consequently QU ⊆ CM. If the following condition

TeQ =M1 ∩ · · · ∩Mk (8.19)

or the dual condition

T ∗eQ
⊥ = (T ∗eCM1)⊥ + · · ·+ (T ∗eCMk

)⊥ (8.20)

holds, where
T ∗eQ

⊥ = {F ∈ R6
∣∣∣ 〈ξ, F 〉 = 0,∀ξ ∈ TeQ} (8.21)

denotes the set of constraint forces for TeQ, then,M =M1|| · · · ||Mk is a PM generator
of Q.

Proof. The proof is given in Meng et al. [2007].

In the setting of this paper the following is also important. If for every g ∈ W ,

Rg−1∗TgQ = Rg−1∗TgCMP1 ∩ · · · ∩Rg−1∗TgCMPk
(8.22)

or its dual holds, then there exists a connected open subset W of SE(3) around e such
that QU = CM ∩W , i.e. CM agrees with QU in W .

Thus, alternatively we can write (8.19) in the transformed form as

Rg−1∗TgQ = AdgM1 ∩ AdgM2 ∩ · · · ∩ AdgMk. (8.23)

3The case when Q is a submanifold of SE(3) is treated in detail in Meng et al. [2007].



134 CHAPTER 8. MANIPULATORS WITH PASSIVE JOINTS

8.4 Equilibrated and Conditionally Equilibrated Se-
rial and Parallel Manipulators

A parallel manipulator for which the mobility of MP is zero, can resist any external
force. Specifically, we will denote a mechanism equilibrated if the following is satisfied:

Definition 8.5. A parallel manipulatorM is denoted equilibrated ifM, either through
kinematic constraints or through actuator torques, can resist an arbitrary external wrench
Fext =

[
fT τT

]T
. In the case that an arbitrary wrench can be accommodated by the

kinematic constraints, we will say that the manipulator is passively sustained. When
an arbitrary wrench can be produced by the actuation torque, we will denote it actively
equilibrated.

A parallel manipulator is equilibrated with respect to an arbitrary wrench if and
only if the mobility is equal to zero. To guarantee fault tolerance the mobility needs to
remain zero when torque failure occurs for an arbitrary joint. This will require redundant
actuators to be implemented. We note that a serial manipulator with passive joints can
never be equilibrated.

When the mobility is not zero, the best result we can obtain is that the mechanism
is conditionally equilibrated with respect to a given external wrench. This applies both
to serial and parallel manipulators.

Definition 8.6. A manipulatorM is denoted conditionally equilibrated with respect to
a given external wrench Fext =

[
fT τT

]T
, if M, either through kinematic constraints

or through actuator torques, can produce a wrench opposite to Fext, i.e. M can produce
the wrench −kFext for some k > 0.

Note that in this case we do not require that the manipulator can resist any external
wrench, only that it can produce a wrench of a given type and direction. This can
for example be used to verify if a mechanism can resist forces in the direction of the
gavitational forces, but not necessarily gravitational forces of an arbitrary magnitude.

We see that we will need a different definition of motion than the one given in Section
8.3. While Definition 8.2 requires the existence of some gr ∈ Sim+(3), we need to check
for stability of an external force in one given direction, i.e. an external disturbance fixed
in one given frame. Hence, we will define motion, as opposed to motion type, as all
gsCMg−1

s that agree with QS0 for a specific gs ∈ SE(3).

Definition 8.7. Let QS0 be a normal form subgroup or submanifold of SE(3) and
QS = gsQS0g

−1
s the homogeneous transformation of QS0 for a given gs ∈ SE(3). M is

said to have the motion of QS if g−1
s CMgs agrees with QS0 in an open neighbourhood

U ⊂ SE(3) of e, i.e.
(g−1
s CMgs) ∩ U = QS0 ∩ U (8.24)

or equivalently

CM ∩ U = (gsQS0g
−1
s ) ∩ U

CM ∩ U = QS ∩ U. (8.25)
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Note that QS0 is a motion type while gs determines in what coordinate frame the
motion is given, i.e. the “direction” of the motion. Hence, like Q0 in Definition 8.2,
QS0 is a motion type. However, while Q (in Definition 8.2) is the conjugacy class of Q0
under Sim+(3), QS is a homogeneous transformation of QS0 under SE(3). We then get
the following important result.

Definition 8.8. A manipulatorM is conditionally equilibrated with respect to external
forces Fext if and only if MP is not a motion generator of any component of Fext, i.e.
MP is a motion generator of some Q′S ⊆ QS where 〈Fext, QS〉 = 0. We write this as
CMP

∈ QS.

Thus we want the mechanismM to generate the required motion Q and at the same
time we want the passive mechanismMP to generate motions that lie in QS. We can
summarise this as follows:

To get the desired properties for a parallel manipulator, we chooseM such that

• M is a motion generator of (the motion type) Q,

• MP is a motion generator of (the motion) Q′S ⊆ QS.

When joint failure occurs in a parallel mechanism we want the second property to
remain true. We note thatM includes both passive and active joints and will thus not
change if torque failure occurs. MP , however, will change and therefore, to guarantee
fault tolerance, the mobility of MP must be checked against joint failure in all joints.
If the manipulator allows any motion we need to look into if we can guarantee that the
mechanism remains conditionally stable with respect to a given external force.

For parallel manipulators we start the analysis by finding the mobility D considering
the passive joints only. If the mobility of the mechanism is zero we can conclude that
the mechanism is equilibrated with respect to any external force. Mobility in the setting
of fault tolerance is discussed briefly in Section 8.5, and examples are given in From and
Gravdahl [2008]. On the other hand, if the mobility D > 0 for parallel manipulators
and similarly for serial manipulators with passive joints, an additional condition needs
to be satisfied for the mechanism to be equilibrated. The requirement for whichM is
conditionally equilibrated is treated in Section 8.6 for serial manipulators and Section
8.7 for parallel manipulators together with several examples.

8.5 Fault Tolerance
In this section, we look into the effect of free-swinging joint failure (FSJF), or torque
failure, in parallel manipulators and in particular how the results found in From and
Gravdahl [2008] can be used to prevent that the mechanism turns unequilibrated when
this occurs. For a general treatment and an approach on how to identify joint failure
see Tinós et al. [2007]. In this case, as the number of passive joints in the manipulator
increases by one, the mobility of MP may remain zero or increase by one. Let m be
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the number of active joints inM. WhenMP does not allow any motion after the joint
failure, we have

Dm = 0 FSJF====⇒ Dm−1 = 0 (8.26)

and the mechanism remains equilibrated with respect to all external forces. WhenMP

allows a 1 DOF motion as a result of the joint failure, i.e.

Dm = 0 FSJF====⇒ Dm−1 = 1, (8.27)

the mechanism is not fault tolerant. In this case the mechanism can at best be condi-
tionally equilibrated, this is discussed in the remainder of the paper.

8.6 Robustness to external forces for serial manip-
ulators

The results presented in Section 8.3 let us quickly verify if a given serial or parallel
manipulator has the desired type of end-effector motion. We will now use the same
approach to analyse if a manipulator allows an undesired motion due to passive joints.
We will start with a motivating example for the serial case.
Example 1. Consider a serial manipulator with one passive revolute joint at the end
of the manipulator chain in Fig. 8.1.

Attach a coordinate frame at the base of the manipulator and choose the reference
configuration so that the revolute axis of the last joint and the y-axis of the inertial
frame are parallel. Assume that the joint revolutes about the y-axis with unit velocity,
i.e. ωy =

[
0 1 0

]T
, and let p ∈ R3 be a point on the y-axis p =

[
px py pz

]T
. Then

the twist is given by

ξ =
[
p× ωy
ωy

]
=
[
−pz 0 px 0 1 0

]T
. (8.28)

Assume further two external (linear) forces

Fy =
[
0 1 0 0 0 0

]T
, Fz =

[
0 0 1 0 0 0

]T
. (8.29)

For the chosen reference configuration the set of constraint forces for the twist ξ is given
by all forces Fξ that satisfy 〈ξ, Fξ〉 = 0, and we conclude that

Fy ∈ Fξ , Fz /∈ Fξ. (8.30)

Thus, for the twist describing a joint that revolutes about the y-axis and an external
force Fy the reciprocal product vanishes and the joint is not affected by the external force
Fy. For a force in the direction of the z-axis, however, this is not the case and the
configuration of the last joint is affected by this external force. We see that for a serial
manipulator the set of external forces for which the passive joint maintains its posture
is, as already noted, very limited.
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Figure 8.1: A serial manipulator with one passive revolute joint at the end of the
manipulator chain.

From the simple example presented above, we see that the end-effector configuration
is equilibrated with respect to one “type” or group of external forces, but not to others.
We will denote the mechanism conditionally equilibrated when it is equilibrated with
respect to a specific type of external force, e.g. gravity. In the following we will generalise
this using the formalism presented in Meng et al. [2007].

We will restrict ourselves to Fext =
[
fT 0

]T
, i.e. linear forces and the moments

that result from these. The extension to Fext =
[
0 τT

]T
is straight forward. This is for

example the case when the base moves with an angular velocity, for example ships or a
moving vehicle (From et al. [2010b]).

Example 1 is special in the sense that the axis of the passive joint is constant.
This is obviously not always the case, for example when the passive joint is at the
end of a manipulator chain. Thus, we will divide the problem into two parts; i) when
the mechanism is locally equilibrated (at reference configuration); and ii) when the
mechanism is globally equilibrated (for any position of the active joints). A mechanism
can be equilibrated with respect to an external disturbance for one configuration but
not for another. We will start by looking at the local case and look at how external
disturbances affect the mechanism at the reference configuration. In Section 8.6.2 we
will extend this to the entire workspace of the manipulator.
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8.6.1 A Local Solution
To analyse the manipulator when it is in the reference configuration is very much related
to the work presented in Meng et al. [2007], and their results can be applied with a few
simple modifications. From Example 1 we see that another definition of motion than
the one given in Definition 8.2 is needed. We need to define the motion with respect to
a given reference frame.

Thus, for a given external wrench, the equilibrated motion represents all the "direc-
tions" in which we can allow the manipulator to move, i.e. the directions that are not
affected by the external force. This is formalised in the following.

Definition 8.9. For a given nominal external wrench F0 =
[
fT

0 0
]T

the set of equili-
brated motions is defined as all twists for which the reciprocal product with F0 vanishes,
i.e.

QS0 = F⊥0 = {ξ | 〈F, ξ〉 = 0,∀F ∈ F0}. (8.31)

We see that QS0 gives us a complete description of all the motions the mechanism can
generate and still be conditionally equilibrated with respect to the external wrench. The
complete description of the equilibrated motion is then given by choosing the external
wrench F0 represented in the inertial frame, i.e. the type of the disturbance, and the
coordinate frame gs of F0 and we write Fext = Adgs F0. Similarly, we getQSg = Adgs QS0.

Assume now a manipulator with m joints, which of l are passive. Without loss of
generality we assume that the passive joints are at the end of the manipulator chain.
We denote byMA the n− l first active joints and byMP the last l passive joints of the
manipulator, so we have

M =MA · MP . (8.32)

For a mechanism to be resistant to an external force it can only allow motions in QSg.
From this observation and the fact that active joints themselves are always equilibrated
with respect to external forces, we conclude the following:

Definition 8.10. Given Fext =
[
fT 0

]T
and a corresponding equilibrated motion QS.

A serial manipulatorM is equilibrated with respect to external forces Fext if and only if
MP generates a motion Q ⊆ QSg.

This becomes clearer with the following proposition:

Proposition 1. LetMP := {GP (n−l+1), . . . ,GPn} and F ext = {Hext1, . . . ,Hextm} so that
each GPi represents the twist of joint i and the Hextj’s are m external forces. Then M
is conditionally equilibrated with respect to Fext if and only if

〈GPi,Hextj〉 = 0, for
{
i = (n− l + 1) . . . n,
j = 1 . . .m. (8.33)

This proposition states that the external force must lie in the constraint motion of
each joint and that each joint can be looked at independently. We will write this on a
more compact form as 〈

MP , F ext

〉
= 0. (8.34)
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We will say that when Equation (8.34) is satisfied, MP is conditionally equilibrated
with respect to all external forces in F ext.

8.6.2 A Global Solution
The results presented in the previous section give a simple condition for the mechanism
to be equilibrated with respect to an external force around the reference configuration.
We now expand this to the entire workspace, i.e. for what positions of the active joints
is the mechanism conditionally equilibrated. We start with a simple example.

Example 2. Assume we want to check if a mechanism is equilibrated with respect to the
gravitational forces, i.e. Fext =

[
0 0 1 0 0 0

]T
. Let the last passive joint revolute

around the inertial y-axis at reference configuration Fig. 8.2.

x

y

z

Passive Joint

Figure 8.2: A serial manipulator with one passive revolute joint at the end of the
manipulator chain.

We have
ξy =

[
p× y
y

]
=
[
−pz 0 px 0 1 0

]T
. (8.35)

Then the problem amounts to finding all configurations θ for which

〈Adgθ ξy, Fext〉 = 0. (8.36)



140 CHAPTER 8. MANIPULATORS WITH PASSIVE JOINTS

where

Adgθξy =




1 0 0 0 pyasθ − pzacθ pyacθ + pzasθ

0 cθ −sθ pza −pxasθ −pxacθ
0 sθ cθ −pza pxacθ −pxasθ
0 0 0 1 0 0
0 0 0 0 cθ −sθ
0 0 0 0 sθ cθ







−pz
0
px
0
1
0




=




pyasθ − pza(cθ + 1)− pz
−(pxa + px)sθ
(pxa + px)cθ

0
cθ

sθ




(8.37)

where cθ means cos (θ) and sθ means sin (θ).
The solution is obtained by a rotation ±π

2 around the x-axis. We see that the mech-
anism is equilibrated with respect to forces working in the same direction as the axis
of the revolute joint only. Note in addition to these there are certain positions of the
passive joint for which the external forces do not affect the configuration, such as the
stable and unstable equilibrium of a pendulum, but we require that the mechanism can
resist external forces for all positions in order to denote it conditionally equilibrated and
isolated points in the configuration space are thus not included in the solution.

For serial manipulators the formulation described can give us a restriction on the con-
figuration of the last “active link” for the manipulator to be conditionally equilibrated.
By last active link we mean the link after the last active joint. This is formalized in the
following.

A transformation from the reference configuration to a joint can be given as a rigid
transformation g by the Adjoint map Adg. We will introduce the following notation
Adg(θ)MP which describes the twists of the passive joints under the influence (rigid
transformation) of the active joints. Hence,

Adg(θ)MP := {G ′n−l+1, . . . ,G ′n} = {Adgn−lGn−l+1, . . . ,Adgn−1Gn} (8.38)

where gi is the rigid transformation from the base to joint i and thus depends on the
joint positions. Further we will assume that the passive joint, if equilibrated at the
reference configuration, is equilibrated for all positions of the passive joint. Note that
we can only control the position of the active joints θA while the position of the passive
joints θB can move freely. An example is given in the next section.

8.6.3 Free Swinging Joint Faults in Serial Manipulators
For a serial manipulator free-swinging joint fault is extremely serious and will in general
cause the manipulator to collapse, or at least lose its controllability. This can cause
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damage both to humans and the surroundings. In this case we will need an additional
requirement on the active joint positions so that the manipulator is conditionally equi-
librated.

Definition 8.11. A serial manipulator M is conditionally equilibrated with respect to
an external force Fext (e.g gravity) if and only if the active joints θA are chosen such
that

Θ = {θA |
〈
Adg(θ)(MP ), Fext

〉
= 0}. (8.39)

When joint failure occurs for any of the joints close to the base, this requirement
is practically impossible to satisfy. Due to the kinematics of many commonly used
manipulators such as the Motoman DIA or ABB IRB, this condition is, on the other
side, quite easy to satisfy when the joint error occurs for one of the last joints. Examples
of this are given below.

Example 3. Assume a manipulator with one active and one passive revolute joint and
where the passive joint is parallel to the disturbance (gravity) Fext =

[
0 0 1 0 0 0

]T

at reference configuration. We have

M =MA · MP , M = {G1,G2} (8.40)

We are to verify under what condition, i.e. for what configurations ofMA, the mecha-
nism remains equilibrated. We will consider two cases

• when the active joint rotates about the z-axis Fig. 8.3,

• when the active joint rotates about the y-axis Fig. 8.4.

In both cases, the twist of the passive joint is written as

G2 =
[
py2 −px2 0 0 0 1

]T
. (8.41)

The rotational and translational displacements due to the active joint in the two cases
are given by

Rz =



cθ1 −sθ1 0
sθ1 cθ1 0
0 0 1


 , Ry =



cθ1 0 sθ1
0 1 0
−sθ1 0 cθ1


 ,

p =
[
pxb1 pyb1 pzb1

]T

where cθ means cos (θ) and sθ means sin (θ). For the first case when the active joint is
parallel to the disturbance, Adgz is given by

Adgz =




cθ1 −sθ1 0 −pzb1sθ1 −pzb1cθ1 pyb1
sθ1 cθ1 0 pzb1cθ1 −pzb1sθ1 −pxb1
0 0 1 pxb1sθ1 − pyb1cθ1 pxb1cθ1 + pyb1sθ1 0
0 0 0 cθ1 −sθ1 0
0 0 0 sθ1 cθ1 0
0 0 0 0 0 1




.
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Figure 8.3: A serial manipulator with one active and one passive revolute joint.

and we get that

AdgzG1 =




py2cθ1 + px2sθ1 + pyb1
py2sθ1 − px2cθ1 − pxb1

0
0
0
1




. (8.42)

As (8.39) is always satisfied, the mechanism is equilibrated for all configurations and
no further action is required.

For the second case, we have

Adgy =




cθ1 0 sθ1 −pyb1sθ1 −pzb1 pyb1cθ1
0 1 0 pzb1cθ1 + pxb1sθ1 0 pzb1sθ1 − pxb1cθ1
−sθ1 0 cθ1 −pyb1cθ1 pxb1 −pyb1sθ1

0 0 0 cθ1 0 sθ1
0 0 0 0 1 0
0 0 0 −sθ1 0 cθ1




.
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Figure 8.4: A serial manipulator with one active and one passive revolute joint.

and we get that

AdgyG1 =




(py2 + pyb1)cθ1
−px2 + (pzb1sθ1 − pxb1cθ1)

−(py2 + pyb1)sθ1
sθ1
0
cθ1




. (8.43)

We see that in the second case, the manipulator is conditionally equilibrated with respect
to Fext if and only if

(py2 + pyb1) sin (θ1) = 0. (8.44)

This is the case when θ1 = 0, which is the reference configuration and when θ1 = ±π
which is when the first link points in the exact opposite direction of the reference config-
uration. Thus, if joint failure occurs, we should strive to reach one of the configurations
represented by

ΘA = {θ1 = 0,±π} (8.45)

in order to minimise damage to the surroundings.

Example 4. Assume a manipulator with two active (z- and y-axes in reference config-
uration) and one passive (z-axis) joint in Fig. 8.5.
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Figure 8.5: A serial manipulator with two active (z- and y-axes in reference configura-
tion) and one passive (z-axis) joint.

In this case the set of equilibrated configurations ΘA = {θA |
〈
Adg(θ)(MP ), Fext

〉
=

0}, is given by

ΘA =
{
θ1 free,
θ2 = 0,±π. (8.46)

We see that the stability depends on the position of θ2 while the position of θ1 can be
chosen freely.

8.7 Robustness to external forces for parallel ma-
nipulators

From From and Gravdahl [2008] and Section 8.5, we learned that when MP does not
allow any motion after the joint failure, i.e. we have Dm−1 = 0, the mechanism is
passively sustained with respect to any external force. However, when the mechanism
allows a motion due to the joint failure, i.e.

Dm = 0 FSJF====⇒ Dm−1 = 1, (8.47)
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an additional requirement needs to be satisfied for the mechanism to be equilibrated.
In this case the mechanism cannot be equilibrated with respect to an arbitrary external
force, as there will always exist a force that results in the free motion. Thus, the strongest
result we can obtain in this case is to guarantee that the mechanism is passively sustained
with respect to a given external force.

As for the serial case, we get that this is true when the allowed motion lies in the
annihilating space of the external forces. Finally we look at the global case and find for
what configurations, i.e. positions of the active joints, this is true.

8.7.1 A Local Solution

Again we start by choosing a reference configuration and identify the joint positions
with zero. In this section we apply the same modifications to the results presented in
Meng et al. [2007] as for serial manipulators. Recall that our definition of motion differs
from the definition of motion type in Meng et al. [2007] in that QS relates to QS0 by a
(specific) homogeneous transformation and not by the conjugacy class of the similarity
transformation. We need to verify if the constrained motion of the end effector CMP

lies
in the equilibrated motion QS. We thus assume that each CMPj

, j = 1, . . . , k contains
a connected open subset QU of QS around e,

QU ⊆ CMPj
, j = 1, . . . , k (8.48)

and consequently, QU ⊆ CMP
. Due to the kinematic constraints, the configuration

space of the end effector is forced to be

CMP
= CMP1 ∩ CMP2 ∩ · · · ∩ CMPk

. (8.49)

Recall that QS represents the equilibrated motions with respect to Fext represented
in the coordinate frame g ∈ SE(3).

Proposition 2. Let QS be the equilibrated motion with respect to Fext. The parallel
manipulatorM is resistant to the external forces Fext ifMP =MP1∩MP2∩· · ·∩MPk

is contained in QS, i.e.
MP ∈ QS. (8.50)

Alternatively we can verify that Fext is contained in the constraint forces ofMP , i.e.

Fext ∈ (T ∗eCMP1)⊥ + (T ∗eCMP2)⊥ + · · ·+ (T ∗eCMPk
)⊥ (8.51)

holds, which means that every component of Fext is restrained by the constraint forces
ofM.

This guarantees that the end-effector motion is not affected by the external forces.
Note that we also have to check for the internal motion of each chain. Hence, if joint
failure occurs in chain i, we also need to verify that the internal motion of this chain is
contained in QS.
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8.7.2 A Global Solution
In this section we generalise the results from the previous section to find all configu-
rations for which the mechanism is conditionally equilibrated with respect to a given
external force. We will first assume that all the passive joints are at the end of the
sub-chains

M =MA · MP . (8.52)

Again we need to verify if the mechanism, considering the passive joints only, is
equilibrated with respect to an external force Fext. We denote the transformation of
MP by the active joints as gA. We then need to find the set

GA = {gA | Rg−1
A ∗
TgACMP

∈ Rg−1∗TgQS0} (8.53)

where
Rg−1

A ∗
TgACMP

= Rg−1
A ∗
TgACMP1 ∩ · · · ∩Rg−1

A ∗
TgACMPk

(8.54)

is the attainable spatial velocities of MP at gA and Rg−1∗TgQS0 is the equilibrated
motion with respect to Fext in a given reference frame g.

The main observation here is that the infinitesimal motions attainable byMP , when
MP is at the end of the chains, are transformed by a rigid transformation gA which
depends on the active joints only. Thus, we can write

M′
P = AdgAMP (8.55)

and we can useM′
P forMP in Equation (8.50).

We will divide the motion of the mechanism into two motions. First, CMP
is the

motion due to the passive joints. This motion is affected by the external disturbances.
The other motion is CMA

which is due to the active joints. This is not affected by the
external disturbance. The aim of this section is to find the configurations of the active
joints so that CMP

∈ QS.
We will write

G ′ji = Adgj,biGji, (8.56)

where gj,bi is the transformation from the base to joint i of chain j. In the previous
sections the active joints were considered fixed. Now, the direction of the twists of the
passive joints will depend on the position of the active joints, i.e. gj,bi depends on the
position of the active joints.

We need to verify if
MP ∈ QS (8.57)

where MP = MP1 ∩ MP2 ∩ · · · ∩ MPk and MPj = {G ′j1,G
′
j2, · · · ,G

′
jnj
}. We will

represent the set of conditionally equilibrated configurations as

GA = {gA | MP (g(θ)) ∈ QS} (8.58)

which is found by
GA = {gA |

〈
Adg(θ)(MP ), Fext

〉
= 0} (8.59)
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which is the set of all equilibrated configurations forM.

8.7.3 Free Swinging Joint Faults in Parallel Manipulators
Free swinging joint faults affect parallel manipulators differently than serial manipula-
tors. For serial manipulators joint faults is extremely serious while this is not always the
case for closed chain manipulators due to the kinematic constraints. In this section we
present several examples illustrating the effects of torque failure in parallel mechanisms.

x

y

z

M1

M2

M3M12

M13

Figure 8.6: Trivial Linkage of Type I. Bad choice of active joints. If joint failure occurs in
jointM12, the mechanism is no longer equilibrated with respect to forces in the direction
of the z-axis, such as gravitational forces. JointsM12 andM13 are parallelogram joints
that generate motion in S1.

Consider the parallel manipulator in Fig. 8.6. We consider two cases when joint
failure occurs inM12;

• the actuated joints are chosen as in Fig. 8.6,

• the actuated joints are chosen as in Fig. 8.6 but with M21 actuated instead of
M33.

Example 5. Assume that the actuated joints are chosen as in Fig. 8.6 and joint failure
occurs inM12. We choose a reference configuration as in Fig. 8.6 and the twists of each
chain is given by

MP1 =
{[
vx
0

]
,

[
p12 × wx

0

]
,

[
p13 × wx

0

]
,

[
p14 × wz
wz

]}
,

MP2 =
{[
vz
0

]
,

[
0
wz

]}
, (8.60)

MP3 =
{[
vz
0

]
,

[
p32 × wz
wz

]
,

[
p35 × wz
wz

]}
.
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and we get

MP =MP1 ∩MP2 ∩MP3 =
[
vz
0

]
. (8.61)

Thus for the chosen reference configuration, MP is not conditionally equilibrated with
respect to the gravitational forces. It is, however, conditionally equilibrated with respect
to all forces in the xy-plane, e.g.

〈
MP , F z

〉
6= 0,

〈
MP , F y

〉
= 0,

We now look into for what configurations this is true. This is straight forward due
to the observation

MPij = Adgj,bi(θ)MPij , ∀i, j, θ (8.62)

and thus the twists of the passive joints are independent of positions of the active joints.
The set of joint positions for which the manipulator is conditionally equilibrated with
respect to Fy is thus given by

ΘFy = {θ |
〈
Adg(θ)(MP ), Fy

〉
= 0} = {∀ θ} (8.63)

Similarly, the set of joint positions for which the manipulator is conditionally equilibrated
with respect to Fz is thus given by

ΘFz = {θ |
〈
Adg(θ)(MP ), Fz

〉
= 0} = {∅} (8.64)

Example 6. Again we assume that the actuated joints are chosen as in Fig. 8.6 and joint
failure occurs in M12, but with M21 actuated instead of M33. We choose a reference
configuration as in Fig. 8.6 and the twists of each chain is given by

MP1 =
{[
vx
0

]
,

[
p12 × wx

0

]
,

[
p13 × wx

0

]
,

[
p14 × wz
wz

]}
,

MP2 =
{[

0
wz

]}
, (8.65)

MP3 =
{[
vz
0

]
,

[
p32 × wz
wz

]
,

[
p33 × wz
wz

]
,

[
p35 × wz
wz

]}
.

and we get

MP =MP1 ∩MP2 ∩MP3 =
[

0
wz

]
. (8.66)

Thus for the chosen reference configuration,MP is conditionally equilibrated with respect
to the gravitational forces only, e.g.

〈
MP , F z

〉
= 0,

〈
MP , F y

〉
6= 0.
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We now look into for what configurations this is true. Again we have that Equation
(8.62) is true and that the twists of the passive joints are independent of positions of
the active joints. The set of joint positions for which the manipulator is conditionally
equilibrated with respect to Fz is thus given by

ΘFz = {θ |
〈
Adg(θ)(MP ), Fz

〉
= 0} = {∀ θ} (8.67)

Similarly, the set of joint positions for which the manipulator is conditionally equilibrated
with respect to Fy is thus given by

ΘFy = {θ |
〈
Adg(θ)(MP ), Fy

〉
= 0} = {∅} (8.68)

This example illustrates the difference between the effects of joint failure in serial and
parallel manipulators. For serial manipulators we can often take the manipulator to a
certain configuration for which it is conditionally equilibrated. For parallel manipulators,
however, we find that this requirement is either satisfied for all configurations, as in
(8.67), or it is not satisfied at all, as in (8.68). Thus, if the parallel mechanism is
conditionally equilibrated, this is an intrinsic property of the mechanical design and
only in very special cases can it be taken care of in the control. For serial manipulators,
however, the design of the manipulator does affect the condition to a certain extent,
but we have more freedom to deal with external disturbances in the control when joint
failure occurs.

8.8 Conclusion
A mathematically rigorous framework for analysing the effects of joint failure in serial
and parallel manipulators is presented. For serial manipulators we find that for cer-
tain configurations the manipulator remains conditionally equilibrated with respect to
a specific external force, such as gravity, even after joint failure occurs. This must thus
be handled in the control algorithms as there is no way to guarantee fault tolerance
through a fault tolerant design of the mechanism.

For parallel manipulators, however, we can find a set of active joints for which the
design itself is fault tolerant. In this sense, the parallel manipulators are more robust
than their serial counterparts. On the other hand, when actuator failure occurs and
this allows for a motion in the passive joints, we have less flexibility to deal with this
in the control algorithms than for serial manipulators. In general we find that the
parallel manipulator is either conditionally equilibrated for all configurations, or it is
never conditionally equilibrated. Fault tolerance of parallel manipulators should thus
be addressed in the design of the mechanism.
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Chapter 9

Initial field-testing of Thorvald, a
versatile robotic platform for
agricultural applications

9.1 Abstract
Much effort has been put into developing robotic systems for the agricultural domain
that are able to perform specific tasks such as yield estimation, phenotyping, sampling,
precise application of pesticides, and so on. Some robots have also been developed for
more energy-demanding tasks such as seeding, but little work has been done to make
more versatile systems that are able to perform tasks of great variety in energy demand,
required precision, operation speed, etc. In this paper we present a novel robotic plat-
form capable of performing both the energy-demanding tasks previously performed by
heavy tractors, and in addition the more precise around-the-clock operations normally
identified with agricultural robotics. We present results from a field experiment on
seeding patterns and densities, and from field-tests done in cooperation with researchers
working in phenotyping of cereals. We also show that the robot is well suited for mon-
itoring tasks, and that we can obtain valuable information about the condition of the
plants and weed by a standard camera and simple image analysis.

9.2 Introduction
In agricultural robotics, effort is often put into developing task-specific robots. That
is, robots that are custom built to solve one specific task in the field, like mechanical
weeding, crop scouting or applying herbicides by precision spraying. There are many
impressive robots and concepts, but most are not designed with exchangeable tools and
energy demanding tasks in mind. There are some exceptions to this though, such as
Robotti by Kongskilde (Green et al. [2014]); a tracked robot which can be fitted with
multiple implements. Robotti’s effective traction capability is 10 hp, and it has a mass
of less than 500 kg.

It is our belief that the farmer will not replace his or her tractors with robots, partially
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or completely, if it does not make sense economically. Robotic solutions are generally
expensive, and will probably continue to be so in the foreseeable future. Independently
of the task to be performed, they need to be equipped with advanced sensory systems
such as RTK GNSS, LIDAR and cameras that represent a substantial cost increase.
One way to make robotic solution more economically viable, is to make them more
versatile. We believe strongly in developing robotic systems that are able to perform
several different tasks, and in this way represent an added value to the farmer, both
economically and in increased life quality, and to the consumer, in improved food quality
and lower prices.

Another important aspect in this setting is the fact that heavy machinery damages
the soil by causing soil compaction (Nawaz et al. [2013], Batey [2009]). Blackmore
et al. [2007] estimates that as much as 80-90 % of the energy input in the field may
be eliminated by using lightweight machines. This is why efforts should be put into
designing complete solutions based on lightweight robots that are capable of solving all
required tasks, from seeding to harvesting, eliminating heavy machines from as much of
the field as possible.

Robots that are to perform energy-demanding tasks in the field need to be con-
structed differently from robots that are merely made for collecting data. Even though
some robots that are able to perform several different tasks are presented in literature,
they are normally not capable of performing a wide variety of tasks. Robots that are
constructed for monitoring are generally not powerful enough or the center of mass is
too high for them to perform energy-demanding tasks in the soil. One example of such
a robot is the BoniRob (Ruckelshausen et al. [2009], Bangert et al. [2013]), which can be
fitted with several different tools for monitoring, data collection, and other tasks that
are not too energy-demanding.

On the other end of the scale, we have large and heavy robots, or autonomous tractors
for that sake, powerful enough to perform any task, but lack the benefits represented by
the lightweight robots. Examples of such robots are the APU module (Oksanen [2015])
and the Spirit autonomous tractor (atc).

We present Thorvald, a novel robotic platform that is powerful enough to perform
energy-demanding operation in the soil, and at the same time has the beneficial prop-
erties of lightweight, autonomous robots. The Thorvald platform was designed and
built at the Norwegian University of Life Sciences. It has a low center of gravity, and
a total mass of approx. 150 kg. It uses four 600 W brushless motors connected via
toothed belts to in-wheel gearboxes for propulsion, which is believed to sufficient to
perform the most critical tasks in the field. Even though the robot itself is lightweight,
the tools that are attached to the robot will add the necessary weight to perform each
task. Thus, for monitoring and surveillance, the robot is sufficiently light weight not to
damage the plants and the soil and to maintain a long operation time, while for more
energy-demanding tasks, such as seeding, the seeding tool will add the necessary weight
to obtain the required traction and stability.

The robot has individual steering motors for each wheel, which makes it highly
maneuverable, and the frame members and frame joints are made somewhat flexible to
ensure that all wheels will remain in contact with the ground, even in rough terrain.
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Table 9.1: Thorvald Key Specifications

Drive power 4 x 600 W
Battery 48 V, 30 Ah, LiFePO4

(capacity can be doubled if needed)
Mass ∼ 150 kg
Payload 200 kg
Ground clerance 59 cm

Figure 9.1: The Thorvald platform. Attached is an early prototype of a precision seeding
tool.

This is critical for traction, which is especially important on Norwegian farms, where the
fields often are uneven and hilly. The flexible frame design was chosen as it is lighter,
less expensive and less complex than traditional suspension systems.

Thorvald has a waterproof on-board computer from Small PC, which runs ROS
(Robotic Operating System) on Linux Ubuntu. A heavy-duty, weather-proof, high
brightness touch screen from Small PC has been installed for easy operation together
with an emergency stop button. The steering motors from JVL have built in motor
controllers while the four propulsion motors are connected to two dual channel motor
controllers from Roboteq. All motor controllers are connected to, and communicate
with the on-board computer via a CANopen network. Table 9.1 lists the robot’s key
specifications. The Thorvald platform is depicted in Fig. 9.1.

We are currently developing our own precision seeder as described in Grimstad et al.
[2015a], which distributes the seeds evenly across the field in a hexagonal circle packing
pattern. This paper presents results from a small experiment conducted in connection
with the development of this tool.

The robot is equipped with all sensors required for reliable, autonomous navigation,
and different tools, or implements, are attached within the robot frame according to the
task that is to be performed. The tool is installed by backing the robot towards the
tool until the tool is within the robot frame. The tool will then connect to the frame
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Figure 9.2: Thorvald is designed to be used with multiple implements

at three different points, as shown in Fig. 9.2. Currently the tool is fastened manually,
but inn the future this will be done automatically.

We wish to show that with our simple design, we are able to perform both energy-
demanding tasks and also the monitoring and information gathering part using the same
robot.

The reader should note that we do not intend to plow the field, as plowing is highly
energy demanding, and leaves the soil vulnerable to the elements, which in turns leads
to soil erosion. Instead we wish to use no-till practices. By not plowing, there will be
an increased problem with weeds. It is our belief that this problem can be reduced by
seeding in a more uniform pattern, and by developing precision weeding tools to be used
together with the robotic platform.

An important part of robotic farming is data collection. Modern technology allows
us to do work in the field on a single-plant level, as opposed to treating all plants in
a field or sub-field in the same way. The Thorvald platform will therefore be equipped
with sensors for crop scouting, and the robot is currently being tested by researchers
working in cereal phenotyping.

The paper is organized as follows: In Section 9.3 we discuss the effect of different
seeding patterns and seeding densities, while Section 9.4 addresses crop scouting. Sec-
tion 9.5 presents results from a small experiment on seeding patterns conducted at our
research farm, and Section 9.6 results from field-tests conducted in cooperation with
plant researchers.
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9.3 Precision Seeding
Conventional seeding places seeds in rows, with short spacing within the row, and con-
siderably larger spacing between rows. This means that inter-row weeds are free to
develop while the crop is competing against itself within the rows (Fig. 9.3a). The
reason the seeds are placed in this way has to do with the way the machinery works
(i.e., what is most easily obtained mechanically), and not what is ideal for growth and
weed suppression. Studies show that seeds that are placed in a more uniform pattern
(Fig. 9.3b) are more capable of suppressing weeds, which can be directly translated into
increased yield. For example, in Weiner et al. [2001b,a] it is shown that the advantages
of initial size in competition among individual plants is highly favorable to the crops
and that weed is considerably more suppressed when the crop density is increased and
the crop is uniformly distributed in the field, as opposed to rows. Heege [2013] presents
a detailed discussion on the effects of row distances from a more mechanical point of
view. More resent studies show the same effects on crops normally sown with lower
densities, such as maize (Marín and Weiner [2014]).

(a) Row. (b) Evenly destributed.

Figure 9.3: With conventional row seeding, weeds (red circles) are free to develop undis-
turbed by the crop.

Based on the the strong indications found in literature showing that crops can sub-
stantially gain from a more uniformly distributed seeding pattern, especially under high
weed pressure and asymmetry, we believe there is a lot to gain from developing seeding
tools that are able to place the seeds more uniformly and accurately. We are currently
working on several different approaches that allow us to place seeds in this way. The
main advantage, as we see it, is that by using a robot that is substantially cheaper than
existing tractor-based systems, and therefore can be scaled up in numbers and not in
size, and also allows for 24 hour operation, we can develop systems with less pressure on
productivity (per unit) and speed. This allows for far more accurate seeding machines
that are able to accurately place the seeds in a required pattern.

The first step of this process is to get a better understanding of what is the ideal
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Figure 9.4: Thorvald with an early precision seeding tool prototype

density and pattern for different kinds of crops under different weed pressure. By dis-
tributing the seeds more evenly across the field, each plant will have more room to
develop in all directions, not just on each side of a dense row. The plant will then be
able to collect more sunlight, and of course take sunlight from slower developing plants
such as most weeds. We study the effects of changing the seeding pattern in Section 9.5.

The seeder being developed for Thorvald, seeds in an hexagonal pattern. An early
prototype is currently being tested with the robot (Fig. 9.4). Based on the results from
the experiment described in this paper, the seeder will be modified to place seeds in
the optimal pattern, and the experiments will be repeated on a larger field and under
different conditions, such a weed pressure, soil structure, fertilization practices, etc.

9.4 Monitoring
An ongoing project is to enable the robot to be used for crop scouting. A downward
facing camera has therefore been mounted on the robot (Fig. 9.5). The camera is
connected to the on-board computer via USB. A 2D laser scanner has been acquired.
This will make the robot able to measure crop height and other parameters related to
crop health, and also enable the robot to identify weed, calculate plant coverage and
so on. All data collected will be tagged with position using the on-board RTK-GNSS
system, which is also to be used for navigation.

Fig. 9.6 shows early results from a test plot seeded with a hexagonal circle packing
pattern. Image processing software, ImageJ Rasband [1997-2014] is used to separate
the green plants form the surrounding ground (color thresholds in the HSB color space,
no other filters are applied). Today plant coverage is often measured just by visual
inspection, so the requirements for accuracy are not particularly high. With this dense
pattern, we see that approx. 37 % of the ground is covered by the plants. Here the
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Figure 9.5: Thorvald is taking pictures in the field

plants are still at an early stage, as the picture was captured only 16 days after seeding.
In the future we also wish to extend the robots sensor systems to include a pH-meter

for measuring soil pH. If the pH gets too low, the yield will be affected in a negative
manner. For best results, pH should be measured continuously and on site (Pansu and
Gautheyrou [2007]). Measuring the pH across the field, will then allow us to apply
the correct amount of lime where this is needed, and keep the entire field within the
acceptable pH level.

9.5 Seeding Experiment
To investigate the benefits of seeding in a more uniform pattern, simple tools for seeding
(by hand) was designed and 3D printed. Some of the tools are depicted in Fig. 9.7. The
tools were made so that each seed would be placed at 3 cm depth with the correct
spacing to neighboring seeds. Spring wheat was then seeded by hand in three different
patterns using these tools:

1. Row: 12.5 cm between rows with 2 cm seed spacing (400 seeds/m2)

2. Hexagonal circle packing pattern: 5.0 cm seed spacing (462 seeds/m2)

3. Hexagonal circle packing pattern: 2.5 cm seed spacing (1848 seeds/m2)

Fig. 9.8 shows examples of row and hexagonal patterns. For pattern 1 and 2, 1.5 m
x 1.5 m squares were seeded. Because of the high number of seeds required for pattern
3, a smaller area was used for this plot.

Pattern 3 turned out to be difficult to seed with the aforementioned hand seeding
tool, and the resulting plant pattern, although uniform, did not fully resemble the
targeted hexagonal pattern.
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Figure 9.6: Hexagonal pattern with 2.5 cm seed spacing (pattern 3), with plant coverage
of approx. 37 %. Picture with and without highlighted plants.

Two months after seeding, four 25x25 cm squares were randomly selected for each
seeding pattern, and the heights of wheat plants and weeds were measured. We also
counted the number of wheat plants and weeds in each case. The results were as follows:

• The 2 cm row pattern had the highest plants, with average wheat height of 55 cm
and average weed height of 11 cm.

• The uniform 5 cm pattern had medium sized plants, with average wheat height of
48 cm and average weed height of 7.4 cm.

• The uniform pattern with 2.5 cm spacing had the smallest weeds size and a sub-

Table 9.2: Number of crop and weed in a 25x25 cm area for the different sowing patterns

Pattern Crop Weed Crop-weed ratio
Row, 2 cm 21 45 0.47
Uniform, 5 cm 30 47 0.64
Uniform, 2.5 cm 92 30 3.1
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Figure 9.7: Tools used for seeding in different patterns

stantially better crop-weed ratio compared to the other plots, but it also had the
smallest wheat plants.

Fig. 9.9 and 9.10 compare the wheat height and weed height of the 2 cm row pattern
and the 5 cm uniform pattern in more detail, as these have approximately the same
seed density. From the figures we see that the wheat plants are somewhat higher for
the row pattern, but for the weed the relative difference in size is considerably larger
with an average size of about 11 cm for the row pattern and 7.4 cm for the uniform
pattern. This is a strong indication that the uniform pattern is better than rows when
it comes to suppressing weeds. However, it is not possible to draw a conclusion that
this advantage in weed suppression translates in an advantage in growing conditions for
the crop. Further experiments with larger test areas and where the plant density for

Figure 9.8: Hexagonal (left) and row seeding pattern
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Figure 9.9: Wheat size in 25x25 cm area of 2 cm row, and 5 cm uniform patterns. The
dotted lines show the average heights.

the different patterns are equal are needed to conclude on this. The number of crop
plants and weeds is shown in Table 9.2. We see that the crop-weed ratio is better for
the uniform patterns.

9.6 Field-Tests
In order to identify requirements for the aforementioned crop scouting system, Thorvald
has been used in cooperation with researchers working with phenotyping of cereals.
During these tests, the robot was teleoperated, taking pictures with the on-board camera
at different locations in the test fields. Fig. 9.11 shows pictures that have been captured
by the robot in the field for an experiment on seeding density and fertilization. The
pictures are used to estimate the plant coverage.

The feedback regarding the robot’s performance was mainly positive, but as the
researchers who used it are working with cereal, they found it to be somewhat low.
During the tests the plants were still young and the robot was able to drive over the
crop without any danger of harming the plants, but the researchers also require the
robot to be able to drive over fully grown crops. Fully grown crops are about 1 m high,
and can in some cases reach heights of 1.5 m.

As Thorvald is designed to be used on farms, and not by plant researchers, a low
center of gravity is more important than the ability to drive over fully grown cereal
crops. The robot’s ground clearance is similar to what one finds on a regular tractor,
and it will be able to perform scouting and weed control tasks until the crop has grown
to a size where it prevents sunlight from reaching the ground, and thus stops new weeds
from developing.

The researchers also found the wheel modules to be a bit wide. Again the concern
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Figure 9.10: Weed size in 25x25 cm area of 2 cm row, 5 cm and uniform patterns. The
dotted lines show the average heights.

was that plants could get damaged. This is an issue we will address, and improvements
to the design will be made.

As for the maneuverability and traction, the robot performed better than expected.
It drives up steep slopes with ease and have good traction capabilities on a range of
different surfaces. In rough terrain, all four wheels maintain contact with the ground,
and the robot did not get stuck once during the tests.

Thorvald is frequently out in the field to test algorithms as well as the mechanical
design of the platform and the tools. It is also recording data to be used in the de-
velopment of new tools and systems, e.g. recording video of cereal crops to be used
as reference when developing algorithms for weed identification. The development of
the Thorvald platform will continue during the fall and winter of 2015/2016, and more
extensive field-tests will be carried out in the spring and summer of 2016.

9.7 Conclusion
The Thorvald project aims to develop a lightweight robot that is capable of performing
all tasks in the field, also the energy demanding ones. Thus, we have constructed a
powerful robot with low mass and a low center of gravity. The latter of these properties
also renders it unsuited for phenotyping of cereal, as the robot is too low. However,
Thorvald has a ground clearance similar to what one can find on a normal tractor, and
we therefore believe the height to be adequate for the average farmer.

The results from our small experiment on seeding patterns suggest that it may be
beneficial to seed in a uniform pattern as opposed to seeding in rows, as the experiments
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Figure 9.11: Images captured by Thorvald’s on-board camera

show that a uniform seeding pattern can suppress weed more efficiently. It is, however,
not possible to draw any conclusions from the experiments whether this advantage in
weed suppression translates into improved growing conditions for the crop. Large-scale
experiments need to be carried out to confirm, and better quantify the potential gain
by utilizing the proposed seeding patterns.

The first field-tests of the Thorvald platform show promising results. The mechanical
design, maneuverability and traction capabilities are shown to be as expected and in
some cases somewhat better than expected.
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